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Smooth Ergodic Theory Smooth realization problem

Smooth Ergodic Theory

Another important question dating back to the foundational paper of von
Neumann (1932):
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Smooth Ergodic Theory Smooth realization problem

Smooth realization problem

Smooth realization problem

Are there smooth versions to the objects and concepts of abstract ergodic theory?

By a smooth version we mean a C∞-diffeomorphism of a compact manifold
preserving a C∞-measure equivalent to the volume element that is
measure-isomorphic to a given measure-preserving transformation.

Existence of volume-preserving diffeomorphisms with ergodic properties?

What ergodic properties, if any, are imposed upon a dynamical system by the
fact that it should be smooth?
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Smooth Ergodic Theory Smooth realization problem

Smooth realization problem

Known restrictions:

M smooth compact manifold, T ∈ Diff∞(M, µ). Then: hµ(T ) <∞.
(Kushnirenko 1965)

In case of M = S1: Any diffeomorphism with invariant smooth measure is
conjugated to a rotation

In dimension d = 2: Weakly mixing diffeomorphisms of positive measure
entropy are Bernoulli (Pesin 1977)

No restrictions for d > 2 (or in case of entropy 0 for d ≥ 2) are known!

On the other hand: Scarcity of general results.

Realization of ergodic properties on a case-by-case basis

area-preserving ergodic C∞-diffeomorphisms of D2 (Anosov-Katok 1970)
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Smooth Ergodic Theory Anti-classification results

Anti-classification result for C∞-diffeos

M - C∞ compact finite dimensional manifold
µ - measure defined by a smooth volume element.

The set of all µ-preserving C∞-diffeomorphisms can be made into a Polish space.

In a recent series of papers Foreman and Weiss extended their anti-classification
result to the C∞-setting:

Theorem (Foreman-Weiss)

Let M be either the torus T2, the disk D2 or the annulus S1 × [0, 1]. Then the
measure isomorphism relation among pairs (S ,T ) of area-preserving ergodic
C∞-diffeomorphisms of M is complete analytic and hence not Borel.

von Neumann’s classification problem is impossible even when restricting to
smooth diffeomorphisms
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Smooth Ergodic Theory Anti-classification results

Odometer-based systems

The ergodic transformations constructed in Foreman-Rudolph-Weiss and Gerber-K
are so-called odometer-based systems.

Definition: Odometer-based systems

Let (kn)n∈N be a sequence of natural numbers kn ≥ 2. Let (Wn)n∈N be a uniquely

readable construction sequence with W0 = Σ and Wn+1 ⊆ (Wn)kn for every n ∈ N.
The associated symbolic shift will be called an odometer-based system.

Odometer-based systems are those built by cutting&stacking without any spacers.

They have an Odometer transformation (also called adding machine) as a factor:

Mathematically:
Let O =

∏
n∈N Z/knZ

Then O has a natural product measure that is preserved by “adding one and
carrying right”

A measure-preserving transformation has an odometer factor if and only if it is
isomorphic to an odometer-based symbolic system.
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Smooth Ergodic Theory Anti-classification results

The odometer obstacle

Smooth realization of transformations with a non-trivial odometer factor is an
open problem.

B. Fayad, A. Katok
Constructions in elliptic dynamics
ETDS 24 (2004), 1477-1520.
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Smooth Ergodic Theory AbC-method

Approximation by Conjugation-method: Setting

Let M be a smooth compact connected manifold of dimension d ≥ 2 admitting a
non-trivial circle action S = {St}t∈S1 preserving a smooth volume µ,
e.g. torus T2, annulus S1 × [0, 1] or disc D2 with standard circle action comprising
of the diffeomorphisms St (θ, r) = (θ + t, r).

We construct a sequence of measure-preserving diffeomorphisms

Tn = Hn ◦ Sαn ◦ H−1n ,

where
αn = pn

qn
∈ Q with pn, qn relatively prime,

Hn = h1 ◦ h2 ◦ ... ◦ hn with hi measure-preserving diffeomorphism of M.

We need a criterion for the aimed property expressed on the level of the maps
Tn and appropriate partitions of the manifold.
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Smooth Ergodic Theory AbC-method

Combinatorial picture for hn+1

Permutation of rectangles  Realization as area-preserving diffeomorphism

Philipp Kunde (UHH) AbC method 03/31/2022 10 / 39



Smooth Ergodic Theory AbC-method

Scheme

Construction of Tn = Hn ◦ Sαn ◦ H−1n :

Initial step: Choose α0 = p0
q0

arbitrary, T0 = Sα0 .

Step n + 1:
Put αn+1 = pn+1

qn+1
= αn + 1

ln·kn·q2
n

with parameters ln, kn ∈ Z.

The conjugation map hn+1 and the parameter kn are chosen such that
hn+1 ◦ Sαn = Sαn ◦ hn+1 and Tn+1 imitates the desired property with a certain
precision.

Then the parameter ln is chosen large enough to guarantee closeness of Tn+1

to Tn in the C∞-topology:

Tn+1 = Hn+1 ◦ Sαn+1 ◦ H−1n+1

= Hn ◦ hn+1 ◦ Sαn ◦ S 1
ln·kn·q2n

◦ h−1n+1 ◦ H
−1
n

= Hn ◦ Sαn ◦ hn+1 ◦ S 1
ln·kn·q2n

◦ h−1n+1 ◦ H
−1
n ≈Hn ◦ Sαn ◦ H−1n = Tn

=⇒ Convergence of the sequence (Tn)n∈N to a limit diffeomorphism with the
aimed properties
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Smooth Ergodic Theory AbC-method

Some C∞ realization results

Nonstandard smooth realizations: There exists an ergodic f ∈ Diff∞(M, µ)
measure-theoretically isomorphic to a circle rotation (Anosov-Katok 1970)

Minimal but not uniquely ergodic diffeomorphisms (Windsor 2001)

Weakly mixing diffeomorphisms of the disc with prescribed Liouville rotation
number on the boundary (Fayad-Saprykina 2005)

Volume-preserving diffeomorphisms with ergodic derivative extension (K2020)
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Smooth Ergodic Theory Circular systems

Circular systems

Symbolic representation of untwisted AbC-diffeomorphisms: circular systems.

A circular coefficient sequence is a sequence of pairs of integers (kn, ln)n∈N such

that kn ≥ 2 and
∑

n∈N
1
ln
<∞. Let Σ be a non-empty finite alphabet and b, e be

two additional symbols (called spacers). Then we build collections of words Wn in
the alphabet Σ ∪ {b, e} by induction as follows:

Set W0 = Σ.

Having built Wn we choose a set Pn+1 ⊆ (Wn)kn of so-called prewords and
form Wn+1 by taking all words of the form

Cn (w0,w1, . . . ,wkn−1) =

qn−1∏
i=0

kn−1∏
j=0

(
bqn−jiw ln−1

j e ji
)

with w0 . . .wkn−1 ∈ Pn+1. If n = 0 we take j0 = 0, and for n > 0 we let
ji ∈ {0, . . . , qn − 1} be such that

ji ≡ (pn)−1 i mod qn.

We note that each word in Wn+1 has length qn+1 = knlnq
2
n.

Philipp Kunde (UHH) AbC method 03/31/2022 13 / 39
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Smooth Ergodic Theory Circular systems

Combinatorial picture for hn+1

Recall Tn+1 = Hn ◦ hn+1 ◦ Sαn+1 ◦ h−1n+1 ◦ H−1n with αn+1 = αn + 1
kn lnq2

n
.
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Smooth Ergodic Theory Circular systems

Circular systems

A construction sequence (Wn)n∈N will be called circular if it is built in this manner
using the C-operators, a circular coefficient sequence and each Pn+1 is uniquely
readable in the alphabet with the words from Wn as letters.

Circular system

A symbolic shift Kc built from a circular construction sequence is called a circular
system.

realizable as smooth diffeomorphisms using the untwisted AbC method
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Smooth Ergodic Theory Functor between OB and CB

Overview
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Smooth Ergodic Theory Functor between OB and CB

Functor between OB and CB
Let Σ be an alphabet and (Wn)n∈N be a construction sequence for an
odometer-based system with coefficients (kn)n∈N. Then we define a circular
construction sequence (Wn)n∈N and bijections cn : Wn →Wn by induction:

Let W0 = Σ and c0 be the identity map.
Suppose that Wn, Wn and cn have already been defined. Then we define

Wn+1 = {Cn (cn (w0) , cn (w1) , . . . , cn (wkn−1)) : w0w1 . . . wkn−1 ∈ Wn+1}
and the map cn+1 by setting

cn+1 (w0w1 . . . wkn−1) = Cn (cn (w0) , cn (w1) , . . . , cn (wkn−1)) .

In particular, the prewords are

Pn+1 = {cn (w0) cn (w1) . . . cn (wkn−1) : w0w1 . . . wkn−1 ∈ Wn+1} .

Functor F
Suppose that K is built from a construction sequence (Wn)n∈N and Kc has the
circular construction sequence (Wn)n∈N as constructed above. Then we define a
map F by

F (K) = Kc .

Philipp Kunde (UHH) AbC method 03/31/2022 17 / 39
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Smooth Ergodic Theory Functor between OB and CB

Properties of the functor

Theorem (Foreman-Weiss 2019)

The functor F preserves

weakly mixing extensions,

compact extensions,

factor maps,

certain types of isomorphisms,

the rank-one property,

...

M. Foreman and B. Weiss
From Odometers to Circular Systems: A Global Structure Theorem.
Journal of Modern Dynamics, 15: 345–423, 2019.

Warning (Gerber-K 2022)

The functor F does NOT preserve Kakutani equivalence.
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Smooth Ergodic Theory Functor between OB and CB

Overview of the proof
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Smooth Ergodic Theory Real-analytic topology

Real-analytic topology

Real-analytic diffeomorphisms of T2 homotopic to the identity have a lift of type

F (x1, x2) = (x1 + f1 (x1, x2) , x2 + f2 (x1, x2)) ,

where the functions fi : R2 → R are real-analytic and Z2-periodic for i = 1, 2.

Definition

For any ρ > 0 we consider the set of real-analytic Z2-periodic functions on R2,
that can be extended to a holomorphic function on

Aρ =
{

(z1, z2) ∈ C2 : |im (zi )| < ρ for i = 1, 2
}
.

‖f ‖ρ = sup(z1,z2)∈Aρ |f (z1, z2)|.
Cωρ
(
T2
)
: set of these functions satisfying the condition ‖f ‖ρ <∞.

Diffωρ
(
T2, µ

)
: set of volume-preserving diffeomorphisms homotopic to the

identity, whose lift satisfies fi ∈ Cωρ
(
T2
)

for i = 1, 2.

Philipp Kunde (UHH) AbC method 03/31/2022 20 / 39
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Real-analytic diffeomorphisms of T2 homotopic to the identity have a lift of type

F (x1, x2) = (x1 + f1 (x1, x2) , x2 + f2 (x1, x2)) ,

where the functions fi : R2 → R are real-analytic and Z2-periodic for i = 1, 2.
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Smooth Ergodic Theory Real-analytic topology

Anti-classification result for real-analytic diffeos

Theorem (Banerjee-K)

For every ρ > 0 the measure-isomorphism relation among pairs (S ,T ) of ergodic
Diffωρ

(
T2, µ

)
-diffeomorphisms is a complete analytic set and hence not Borel.

von Neumann’s classification problem is impossible even when restricting to
real-analytic diffeomorphisms of the torus
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(Anti-)classification results for circle maps

(Anti-)classification results for circle maps
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(Anti-)classification results for circle maps

Maps of the circle

Some notation:

Unit circle S1 = R/Z
Let π : R→ S1 be the map x 7→ [x ], where [x ] is the positive fractional part
of x

H: collection of orientation-preserving homeomorphisms of S1

For k ∈ N ∪ {∞, ω} let Hk be the collection of orientation-preserving C k

diffeomorphisms of S1

Hk+β : orientation-preserving C k diffeomorphisms of S1 with β-Hölder
continuous k-th derivative

A lift of f ∈ H is an increasing function F : R→ R with [F (x)] = f ([x ]).
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(Anti-)classification results for circle maps Topological conjugacy

Topological Conjugacy

A well-studied equivalence relation on H is conjugacy by an orientation-preserving
homeomorphism.

Definition (Topological Conjugacy)

Maps f , g ∈ H are conjugate by an orientation-preserving homeomorphism if there
is ϕ ∈ H such that

ϕ ◦ f ◦ ϕ−1 = g .

We write f ∼ g

Smale proposed using Topological Conjugacy to study the qualitative behavior of
dynamical systems.

Smale’s program

Classify systems up to Topological Conjugacy.
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(Anti-)classification results for circle maps Topological conjugacy

An invariant: Rotation number

Definition (Rotation number)

Let f ∈ H and F be a lift of f . Define

τ(F ) = lim
n→∞

F n(x)− x

n
.

Then τ(f ) := [τ(F )] is called the rotation number of f .

Some properties:

τ(f ) exists and is independent of x.

For F1,F2 lifts of f we have [τ(F1)] = [τ(F2)].

Proposition

If f ∼ g , then τ(f ) = τ(g).

Is the rotation number a complete numerical invariant for Topological Conjugacy?
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(Anti-)classification results for circle maps Topological conjugacy

An invariant: Rotation number

Theorem (Poincaré 1885)

Let f ∈ H have an irrational rotation number. If f has a dense orbit, then
f ∼ Rτ(f ).

Theorem (Denjoy 1932)

If f ∈ H2 has an irrational rotation number, then f is transitive and hence
f ∼ Rτ(f ).

Altogether: Irrational rotation numbers are complete invariants for
C 2-diffeomorphisms up to Topological conjugacy.
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(Anti-)classification results for circle maps Smooth conjugacy

And for smooth conjugacy?

Question

Are there complete numerical invariants for orientation-preserving diffeomorphisms
of the circle up to conjugation by orientation-preserving diffeomorphisms?
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(Anti-)classification results for circle maps Smooth conjugacy

Some positive results

A number α is called Diophantine of class D(ν) for ν ≥ 0, if there exists C > 0
such that ∣∣∣∣α− p

q

∣∣∣∣ ≥ C

q2+ν
for every p ∈ Z and q ∈ N.

A number α is called Diophantine if it is in D(ν) for some ν ≥ 0.

An irrational number α is called Liouville if it is not Diophantine, that is, for every
C > 0 and every n ∈ N there are infinitely many pairs p ∈ Z, q ∈ N such that

0 <

∣∣∣∣α− p

q

∣∣∣∣ < C

qn
.

Theorem (Herman 1979)

If f ∈ H∞ (respectively, f ∈ Hω) has a Diophantine rotation number α, then f is
C∞-conjugate (respectively, Cω-conjugate) to Rα.

Theorem (Yoccoz 1984, Katznelson-Ornstein 1989)

If f ∈ Hk has a rotation number α in D(ν) with k > ν + 2, then f is
C k−1−ν−ε-conjugate to Rα for every ε > 0.
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(Anti-)classification results for circle maps Smooth conjugacy

Some negative results

Theorem (Arnold 1961)

There exists f ∈ Hω such that f = ϕ ◦ Rτ(f ) ◦ ϕ−1 with a nondifferentiable
homeomorphism ϕ.

Inductive construction within the family of circle diffeomorphisms induced by

Fα(x) = x + α + µ sin(2πx)

Conjugacies of intermediate regularity (Hasselblatt-Katok 1995)

There are examples of f ∈ H∞ conjugate to some irrational rotation Rα via a
conjugacy ϕ with any one of the following properties:

ϕ is singular

ϕ is absolutely continuous, but not Lipschitz continuous

ϕ is C k , but not C k+1, where k ∈ N is arbitrary.

Matsumoto 2011&2012, K 2018: Conjugacies of other intermediate regularity for
prescribed Liouville rotation number.
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(Anti-)classification results for circle maps Smooth conjugacy

No complete numerical invariants

Theorem (K)

Let C be the collection of circle homeomorphisms with regularity (D), where (D)
could be any degree of regularity from Hölder to C∞.
Then there is no complete numerical invariant for C-conjugacy of
orientation-preserving C∞ diffeomorphisms of the circle.
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(Anti-)classification results for circle maps Basics of Descriptive Set Theory

Reduction

The main tool is the idea of a reduction for equivalence relations.

Definition (Reduction)

Let X and Y be Polish spaces (i.e. separable completely metrizable topological
spaces) and E ⊆ X × X , F ⊆ Y × Y be equivalence relations.

A function f : X → Y reduces E to F
if and only if

for all x1, x2 ∈ X : x1Ex2 if and only if f (x1)Ff (x2).

Such a function f is called a Borel (respectively, continuous) reduction if f is a
Borel (respectively, continuous) function.
We write E -B F (respectively, E -C F )

“F is at least as complicated as E”
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(Anti-)classification results for circle maps Basics of Descriptive Set Theory

Equality equivalence relation

For complete numerical invariants:

Equality equivalence relation

For a Polish space Y we let =Y⊆ Y × Y be the equality equivalence relation.

If Y is a Polish space, then there is a Borel injection g : Y → R \Q. Let f be a
Borel reduction of any equivalence relation E ⊆ X × X to (Y ,=Y ). Then g ◦ f is
a Borel reduction of (X ,E ) to (R,=R).
Thus we can assume that Borel reductions to any =Y can be changed to Borel
reductions to equality on the real numbers.
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(Anti-)classification results for circle maps Basics of Descriptive Set Theory

Equivalence relation E0

Equivalence relation E0

Let E0 be the equivalence relation on {0, 1}N defined by setting

aE0b if and only if there is N ∈ N such that am = bm for all m > N.

for a = (an)n∈N,b = (bn)n∈N ∈ {0, 1}N.

We can use this to exclude the existence of complete numerical invariants:

Fact

Suppose that E is an equivalence relation on an uncountable Polish space X and
E0 -B E . Then E 6-B=R.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof

Let H∞α be the collection of orientation-preserving C∞-diffeomorphisms with
rotation number α ∈ S1.

Proposition

Let α ∈ S1 be a Liouville number. There is a continuous one-to-one map

Ψ : {0, 1}N → H∞α

such that for any two sequences a = (an)n∈N and b = (bn)n∈N the following
properties hold:

1 If there is N ∈ N such that an = bn for every n ≥ N, then the
C∞-diffeomorphisms Ψ(a) and Ψ(b) are C∞-conjugate.

2 If there are infinitely many n ∈ N with an 6= bn, then the
C∞-diffeomorphisms Ψ(a) and Ψ(b) are not Hölder-conjugate.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof

Using the notions from Descriptive Set Theory:

Corollary

Let C be the collection of circle homeomorphisms with regularity (D), where (D)
could be any degree of regularity from Hölder to C∞.
Then there is a continuous reduction from E0 to the C-conjugacy relation of
orientation-preserving C∞-diffeomorphisms of the circle.

Hence, there is no complete numerical invariant for C-conjugacy of
orientation-preserving C∞ diffeomorphisms of the circle.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof: Building Ψ

Inductive construction of Ta := Ψ(a) ∈ H∞α via the AbC method:

Ta,n = Ha,n ◦ Rαn+1 ◦ H−1a,n

with conjugation maps
Ha,n = Ha,n−1 ◦ ha,n

with C∞-diffeomorphism ha,n satisfying

ha,n ◦ R 1
qn

= R 1
qn
◦ ha,n.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof: Conjugation map ha,n

Let hqn be the qn-fold lift of h̃n. Then

ha,n =

{
hqn if an = 0,

h−1qn if an = 1.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof: Convergence of (Ta,n)n

Note:
‖ha,n‖r ≤ Cnq

r
n

Then:

dn(Ta,n,Ta,n−1)

=
∥∥Ha,n ◦ Rαn+1 ◦ H−1a,n − Ha,n−1 ◦ Rαn ◦ H−1a,n−1

∥∥
n

=
∥∥Ha,n ◦ Rαn+1 ◦ H−1a,n − Ha,n−1 ◦ Rαn ◦ ha,n ◦ h−1a,n ◦ H−1a,n−1

∥∥
n

=
∥∥Ha,n ◦ Rαn+1 ◦ H−1a,n − Ha,n−1 ◦ ha,n ◦ Rαn ◦ h−1a,n ◦ H−1a,n−1

∥∥
n

=
∥∥Ha,n ◦ Rαn+1 ◦ H−1a,n − Ha,n ◦ Rαn ◦ H−1a,n

∥∥
n

≤Cn · ‖Hn‖n+1
n+1 · ‖Rαn+1 − Rαn‖n

≤Cn · q(n+1)2

n · |αn+1 − αn|

≤Cn · q(n+1)2

n · 2 · |α− αn| ,

which can be made small since α is Liouville.
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(Anti-)classification results for circle maps Ideas of proof

Ideas of proof

We consider Ta,n → Ta = Ha ◦ Rα ◦ H−1a and Tb,n → Tb = Hb ◦ Rα ◦ H−1b .

The conjugation maps Hb,nH
−1
a,n → HbH

−1
a in H.

If aE0b, then there is N ∈ N such that an = bn for all n > N. Hence:
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a,N

= Hb,NH
−1
a,N ∈ H

∞.

Otherwise: Hb,nH
−1
a,n does not converge in any Hölder space by construction

of h̃n.
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of h̃n.

Philipp Kunde (UHH) AbC method 03/31/2022 39 / 39



(Anti-)classification results for circle maps Ideas of proof

Ideas of proof

We consider Ta,n → Ta = Ha ◦ Rα ◦ H−1a and Tb,n → Tb = Hb ◦ Rα ◦ H−1b .

The conjugation maps Hb,nH
−1
a,n → HbH

−1
a in H.

If aE0b, then there is N ∈ N such that an = bn for all n > N. Hence:

Hb,nH
−1
a,n = Hb,N ◦ hb,N+1 ◦ · · · ◦ hb,n ◦ h−1a,n ◦ · · · ◦ h−1a,N+1 ◦ H

−1
a,N

= Hb,NH
−1
a,N ∈ H

∞.

Otherwise: Hb,nH
−1
a,n does not converge in any Hölder space by construction
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Thank you very much for your attention!
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