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Introduction

@ A fundamental theme in number theory is is the interplay
between properties of prime numbers and the analytic
properties of L-functions.

@ These include

The Riemann zeta function {(s)

Dirichlet L-functions L(s, x)

Dedekind zeta functions (analogues of the Riemann zeta
function for number fields)

Hecke L-functions (analogues of the Dirichlet L-functions) via
characters of the ideal class group of a number field

Artin L-functions: Dirichlet series associated to linear
representations of a Galois group G.

@ We review some notions from algebraic number theory needed
to state the Chebotarev density theorem.
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Our first goal is to generalize the study of the integral domain Z
and its quotient field Q.
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Algebraic integers

Our first goal is to generalize the study of the integral domain Z
and its quotient field Q.

Definition

If « € C is a root of a monic, integral polynomial of degree d, that
is, a root of a polynomial of the form

d—1
F(x) =Y apd +x? € Z[x],
Jj=0

which is irreducible over Q, then « is called an algebraic integer
of degree d.
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@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
root of an integral, monic polynomial of degree 1.

Review of algebraic number theory



@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
root of an integral, monic polynomial of degree 1.

@ For a natural number m, let {,,, denote a primitive m-th root
of unity,

Review of algebraic number theory



@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
root of an integral, monic polynomial of degree 1.

@ For a natural number m, let {,,, denote a primitive m-th root
of unity, that is, a root of x™ — 1, but not a root of x4 —1
for any natural number d < m.

Review of algebraic number theory



@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
root of an integral, monic polynomial of degree 1.

@ For a natural number m, let {,,, denote a primitive m-th root
of unity, that is, a root of x™ — 1, but not a root of x4 —1
for any natural number d < m. For example, £/ are primitive
4-th roots of unity.

Review of algebraic number theory



@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
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for any natural number d < m. For example, £/ are primitive

4-th roots of unity.
—14++/3i

2
are primitive cube roots of unity.
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@ a+ bi (a,b€Z, b+#0)is an algebraic integer of degree 2,
being a root of x> — 2ax + a® + b?. Since b # 0, it is not a
root of an integral, monic polynomial of degree 1.

@ For a natural number m, let {,,, denote a primitive m-th root
of unity, that is, a root of x™ — 1, but not a root of x4 —1
for any natural number d < m. For example, £/ are primitive
4-th roots of unity.

~14+3i
2
are primitive cube roots of unity.

e Note (for later): numbers of the form
20+ 26+ 26+ + 20l €L

are called cyclotomic integers of order n.
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degree less than d.
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Algebraic numbers and number fields

Definition

An algebraic number o of degree d € N is a root of a polynomial
in Q[x] of degree d and not the root of any polynomial in Q[x] of
degree less than d. In other words, an algebraic number is the root
of an irreducible polynomial of degree d over Q.

For example, ﬂ/3 is an algebraic number, being a root of
9x2 — 2, but it is not an algebraic integer.

Let D be a squarefree integer with |D| > 1. If 4|(D — 1), then
(=14 +/D)/2 is an algebraic integer. It is a root of
x>+ x+(1-D)/4=0.

Let Q denote the set of all algebraic numbers, and let Z denote
the set of all algebraic integers.
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e An algebraic number field, or a number field is a field of
the form

F=Q(a1,az,...,a,) CC,a; €Qfor1 < j<n.
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7Z is a subring of Q.
For a number field F, FNZ is a ring in IF, and is called the
ring of algebraic integers of F. It is denoted as OF.

e Og = Z.

@ For any number field F, QN Of = Z.

@ The quotient field of O is F.
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7Z is a subring of Q.

For a number field F, FNZ is a ring in IF, and is called the
ring of algebraic integers of F. It is denoted as OF.

Og = Z.

For any number field F, Q N O = Z.

The quotient field of O is F.

Or is a Dedekind domain. That is,Op is an integral domain
such that

o every ideal of Oy is finitely generated,

e every nonzero prime ideal of Op is maximal,

e and Ok is integrally closed in F.
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More about algebraic integers

7Z is a subring of Q.

For a number field F, FNZ is a ring in IF, and is called the
ring of algebraic integers of F. It is denoted as OF.

Og = Z.

For any number field F, Q N O = Z.

The quotient field of O is F.

Or is a Dedekind domain. That is,Op is an integral domain
such that
e every ideal of Oy is finitely generated,
e every nonzero prime ideal of Op is maximal,
e and Ok is integrally closed in F. That is, if @ € F is a root of a
polynomial in Of[x] of degree > 1, then o € Op.
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Embeddings and conjugate fields

o Let K = Q(0) for some algebraic § € Q. That is, there exists
a minimal polynomial f(x) = >""_; a;x' € Q[x] such that
f(0) = 0.
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o Note that {1,6,62,...,0" '} is a Q-basis of K. If
o : K — Cis an embedding, then

n—1 n—1
o (Z b;H’) =Y bio(0)'.
i=0 i=0
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o Note that {1,6,62,...,0" '} is a Q-basis of K. If
o : K — Cis an embedding, then

n—1 n—1
o (Z b;H’) =Y bio(0)'.
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o If 1) is real, we say that K() is a real embedding of K.
Otherwise, K() is called a complex embedding of K.
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o If 1) is real, we say that K() is a real embedding of K.
Otherwise, K() is called a complex embedding of K.

@ For example, consider Q(v/D). The embeddings are
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o : K — Cis an embedding, then

n—1 n—1
o (Z b;H’) =Y bio(0)'.
i=0 i=0

o If 1) is real, we say that K() is a real embedding of K.
Otherwise, K() is called a complex embedding of K.

@ For example, consider Q(v/D). The embeddings are
o(a+ bvD) = a=+ by/D. Also, the conjugate field of Q(+/D)
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of K are identical to K. Thus, any quadratic extension of Q is
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o Note that {1,6,62,...,0" '} is a Q-basis of K. If
o : K — Cis an embedding, then

n—1 n—1
o (Z b;H’) =Y bio(0)'.
i=0 i=0

o If 1) is real, we say that K() is a real embedding of K.
Otherwise, K() is called a complex embedding of K.

@ For example, consider Q(v/D). The embeddings are
o(a+ bvD) = a=+ by/D. Also, the conjugate field of Q(+/D)
is Q(v'D).

@ We call K a Galois extension of Q if all the conjugate fields
of K are identical to K. Thus, any quadratic extension of Q is
a Galois extension. Exercise: Q(3v/2) is not a Galois extension
of Q.

@ We can study the above notions for extensions K of an
arbitrary number field F, and define conjugate fields relative
to F accordingly.
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Norms and traces

Let [K : F] = n. We define Trace i /r() to be the sum of the
conjugates of o. That is,

Trace i /() = Z oi().
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We define Norm 4 /r(c) to be the product of the conjugates of a.
That is,

Trace g /p(a) = HO’,
For example, Trace Q(@)/@(a + b\ﬁ) = 2a,

Norm Q(@)/Q(a + bVD) = a* — Db?.

Review of algebraic number theory



Norms and traces

Let [K : F] = n. We define Trace i /r() to be the sum of the
conjugates of o. That is,

Trace i /() = Z oi().

We define Norm 4 /r(c) to be the product of the conjugates of a.
That is,

Trace g /p(a) = HO’,
For example, Trace Q(ﬁ)/(@(a + b\ﬁ) = 2a,

Norm Q(@)/Q(a + bVD) = a* — Db?.
We often denote Trace i /() and Norm 4 () as Trace («) and

Norm ().
Review of algebraic number theory



Norms and traces

Let [K : F] = n. We define Trace i /r() to be the sum of the
conjugates of o. That is,

Trace i /() = Z oi().

We define Norm 4 /r(c) to be the product of the conjugates of a.
That is,

Trace g /p(a) = HO’,
For example, Trace Q(ﬁ)/(@(a + b\ﬁ) = 2a,

Norm Q(@)/Q(a + bVD) = a* — Db?.
We often denote Trace i /() and Norm 4 () as Trace («) and

Norm ().
Review of algebraic number theory



Structure of Ok

Review of algebraic number theory



Structure of Ok

If K= Q(v/D), what is O?

Review of algebraic number theory



Structure of Ok

If K= Q(v/D), what is O?

7V D] if D=2,3(mod 4)
Ok = {Z [HT\E} if D=1(mod 4).
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Structure of Ok

If K= Q(v/D), what is O?

7V D] if D=2,3(mod 4)
Ok = {Z [HT\@} if D=1(mod 4).

More generally, if [K : Q] = n, then there exist
w1, Wy, ...,wp € Ok such that

Ok = 2w + Zwy + ... Zwn.
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Structure of Ok

If K= Q(v/D), what is O?

7V D] if D=2,3(mod 4)
Ok = {Z [HT\@} if D=1(mod 4).

More generally, if [K : Q] = n, then there exist
w1, Wy, ...,wp € Ok such that

Ok = 2w + Zwy + ... Zwn.

That is, {w1,ws,...,w,} forms an integral basis of
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Structure of Ok

If K= Q(v/D), what is O?

7V D] if D=2,3(mod 4)
Ok = {Z [HT\@} if D=1(mod 4).

More generally, if [K : Q] = n, then there exist
w1, Wy, ...,wp € Ok such that

Ok = 2w + Zwy + ... Zwn.

That is, {w1,wy,...,ws} forms an integral basis of O.
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Structure of Ok

If K= Q(v/D), what is O?

7V D] if D=2,3(mod 4)
Ok = {Z [HT\@} if D=1(mod 4).

More generally, if [K : Q] = n, then there exist
w1, Wy, ...,wp € Ok such that

Ok = 2w + Zwy + ... Zwn.

That is, {w1,wy,...,ws} forms an integral basis of O.

Let ¢ denote a primitive p-th root of unity and K = Q(¢). Then,
1,¢,...,CP72 forms an integral basis of K.
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Discriminant of a number field

Let [K : Q] = n and suppose {w1,w>,...,ws} is an integral basis
OfOK.
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Discriminant of a number field

Let [K : Q] = n and suppose {w1,w>,...,ws} is an integral basis
of Ok. The discriminant of K, dx is defined as

dx = det(aj(w,-))2.
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Discriminant of a number field

Definition
Let [K : Q] = n and suppose {w1,w>,...,ws} is an integral basis
of Ok. The discriminant of K, dx is defined as

dx = det(aj(w,-))2.

The discriminant is well-defined. That is, the discriminant is
independent of the choice of integral basis of K.
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Discriminant of a number field

Definition

Let [K : Q] = n and suppose {w1,w>,...,ws} is an integral basis
of Ok. The discriminant of K, dx is defined as

dx = det(aj(w,-))2.

The discriminant is well-defined. That is, the discriminant is
independent of the choice of integral basis of K.

If K=Q(v/D) and D = 1(mod 4), consider the integral basis
{1,1%5}. Then,

(ot B o
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Discriminant of a number field

Definition
Let [K : Q] = n and suppose {w1,w>,...,ws} is an integral basis
of Ok. The discriminant of K, dx is defined as

dx = det(aj(w,-))2.

The discriminant is well-defined. That is, the discriminant is
independent of the choice of integral basis of K.
If K=Q(v/D) and D = 1(mod 4), consider the integral basis

{1,1%5}. Then,

(ot B o

Also, dix = 4D if D # 1 (mod 4).
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@ We can generalize the notion of a discriminant for arbitrary
elements of K.
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K.
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define
dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.

@ In particular, let K = Q((m).

Review of algebraic number theory



@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.

e In particular, let K = Q(¢m). Then, {1,(m,... ,C,‘f,(m)_l} is an
integral basis of Ok.
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.

e In particular, let K = Q(¢m). Then, {1,(m,... ,C,‘f,(m)_l} is an
integral basis of Ok. By applying the above formula,

(—1)0(m)/2 (m)

dx = .
[T PP/ 1)
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.

e In particular, let K = Q(¢m). Then, {1,(m,... ,C,‘f,(m)_l} is an
integral basis of Ok. By applying the above formula,
(—1)@(m)/2 mo(m)

dx = .
[T PP/ 1)

o Let K be an algebraic number field. If di /q(0) is squarefree,
then Ok = Z[6)].
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@ We can generalize the notion of a discriminant for arbitrary
elements of K. Suppose {a1,a2,...,a,} C K. We define

dK/Q(al, a, ..., a,,) = det(aj(a,-))z.

@ It can be shown that

dxj(a) = dxjp(l,a,a%,...,a" )= [ (oi(a)-0ow(a))*.

e In particular, let K = Q(¢m). Then, {1,(m,... ,C,‘f,(m)_l} is an
integral basis of Ok. By applying the above formula,
(—1)@(m)/2 mo(m)

dx = .
[T PP/ 1)

o Let K be an algebraic number field. If di /q(0) is squarefree,
then Ok = Z[6)].
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Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.
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Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.

@ To draw a meaningful generalization of the unique
factorization of integers into prime powers in Z, we have to
treat ideals in Ok and discuss the factorization of ideals into
prime ideals of Ok-.

Review of algebraic number theory



Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.

@ To draw a meaningful generalization of the unique
factorization of integers into prime powers in Z, we have to
treat ideals in Ok and discuss the factorization of ideals into
prime ideals of Ok-.

@ We recall the following fundamental facts:

e Any ideal in Ok has an integral basis.
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Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.

@ To draw a meaningful generalization of the unique
factorization of integers into prime powers in Z, we have to
treat ideals in Ok and discuss the factorization of ideals into
prime ideals of Ok-.

@ We recall the following fundamental facts:

e Any ideal in Ok has an integral basis.
e Any nonzero ideal a in Ok has finite index |Ok/al in Ok.
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Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.

@ To draw a meaningful generalization of the unique
factorization of integers into prime powers in Z, we have to
treat ideals in Ok and discuss the factorization of ideals into
prime ideals of Ok-.

@ We recall the following fundamental facts:

e Any ideal in Ok has an integral basis.
o Any nonzero ideal a in Ok has finite index |Ok /a| in Ok. We

define the norm of a nonzero ideal in Ok to be its index
|Ok /a| and denote it as N(a).
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Ideals in Ok

@ So far, we have seen how Ok can be seen as a generalization
of Z.

@ To draw a meaningful generalization of the unique
factorization of integers into prime powers in Z, we have to
treat ideals in Ok and discuss the factorization of ideals into
prime ideals of Ok-.

@ We recall the following fundamental facts:

e Any ideal in Ok has an integral basis.

o Any nonzero ideal a in Ok has finite index |Ok /a| in Ok. We
define the norm of a nonzero ideal in Ok to be its index
|Ok /a| and denote it as N(a).

o If a € Ok, then N({a)) = |[N(c)|.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.

@ In this case, (p) = pq for an integral ideal q of Ok.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
acporbep.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.

@ In this case, (p) = pq for an integral ideal q of Ok. Thus,
N(p) must divide N({p)) = |[N(p)|.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
acporbep.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.

@ In this case, (p) = pq for an integral ideal q of Ok. Thus,
N(p) must divide N({p)) = |N(p)|. As p{) = p for each i,
IN(p)| = plK:Q,
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
acporbep.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.

@ In this case, (p) = pq for an integral ideal q of Ok. Thus,
N(p) must divide N({p)) = |N(p)|. As p{) = p for each i,
IN(p)| = plK“@. Thus, N(p) = p’ for some 1 < f < [K : Q.
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Prime ideals in Ok

@ Exercise: For any nonzero ideal a in Ok, aNZ must contain a
nonzero integer.

@ By the definition of a prime ideal p, if ab € p, then either
aeporbenp.

@ Thus, p must contain some rational prime. But, if p contains
two rational primes p and g, then it would contain their
greatest common divisor 1. This contradicts the nontriviality
of p. Thus, p can contain exactly one rational prime p. We
say that p lies below p.

@ In this case, (p) = pq for an integral ideal q of Ok. Thus,
N(p) must divide N({p)) = |N(p)|. As p{) = p for each i,
IN(p)| = p!K@. Thus, N(p) = p’ for some 1 < f < [K : Q).

o f is called the inertial degree of p in Ok.
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals.
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

— (391,92 aj
a=p;py...p

where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

— (391,92 aj
a=p;py...p

where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.

Let [K : Q] = n. Suppose, for a rational prime p,

(p) = pT'p3 ... 0"
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

a=prpe... b},
where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.
Let [K : Q] = n. Suppose, for a rational prime p,

(p) = pi'p3* ... py.
Suppose f; is the inertial degree of p;.
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

a=prpe... b},
where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.
Let [K : Q] = n. Suppose, for a rational prime p,

(p) = pi'p3* ... py.
Suppose f; is the inertial degree of p;. Then, Zle eifi = n.
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

a=prpe... b},
where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.
Let [K : Q] = n. Suppose, for a rational prime p,

(p) = pi'p3* ... py.

Suppose f; is the inertial degree of p;. Then, Zle eif; = n. Note
that e; is called the ramification index of p; in K (that is, p;'|(p),

and p& 1 (p)).
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Factoring primes in a number field

Theorem (Unique factorization of ideals in O)

Every proper nonzero ideal a in O is uniquely representable as a
product of prime ideals. That is,

— (391,92 aj
a=p;py...p

where p;’s are the distinct prime ideals of Ok containing a, and
a; € N. This factorization is unique up to the order of the factors.

Let [K : Q] = n. Suppose, for a rational prime p,
(p) = pT'p3 ... 0"

Suppose f; is the inertial degree of p;. Then, Zle eif; = n. Note

that e; is called the ramification index of p; in K (that is, p;'|(p),
and pi*t 1 (p)).

Also, / is called the decomposition number of p in K and it can
be shown that / < n.
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Ramification

Let [K : Q] = n, and let p be a rational prime. Let p1,p2,...,p;
be the prime ideals in Ok lying above p. That is,
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Ramification

Let [K : Q] = n, and let p be a rational prime. Let p1,p2,...,p;
be the prime ideals in Ok lying above p. That is,

(p) = pT'ps> -1y
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Ramification

Definition
Let [K : Q] = n, and let p be a rational prime. Let p1,p2,...,p;
be the prime ideals in Ok lying above p. That is,

(p) = pT'ps> -1y

If e > 1 for some 1 < i </, then p is said to ramify in K. If
e; = 1 for all i, then p is said to be unramified in K.
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Let [K : Q] = n, and let p be a rational prime. Let p1,p2,...,p;
be the prime ideals in Ok lying above p. That is,

(p) = pT'ps> -1y

If e > 1 for some 1 < i </, then p is said to ramify in K. If
e; = 1 for all i, then p is said to be unramified in K.

Theorem (Dedekind)

A rational prime p ramifies in K if and only if p|d(K).
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Factoring primes in a quadratic field
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € Z be a prime.
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2,(D/p) =1. Here, N(p1) = N(p2) = p.
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2,(D/p) =1. Here, N(p1) = N(p2) = p.
@ (p)=yp ifp>2, and (D/p) = —1. Here, N(p) = p>.
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2, (D/p) =1. Here, N(p1) = N(p2) =
Q@ (p)=p /fp > 2, and (D/p) = —1. Here, N(p) = p?.
© (p) =p? ifp>2, and p|D. Here, N(p) = p.
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2,(D/p) =1. Here, N(p1) = N(p2) = p.
@ (p)=yp ifp>2, and (D/p) = —1. Here, N(p) = p>.
© (p) =p? ifp>2, and p|D. Here, N(p) = p.
Q (p) =pip2 if p=2 and D = 1(mod 8). Here,
N(p1) = N(p2) = p-
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2,(D/p) =1. Here, N(p1) = N(p2) = p.
@ (p)=yp ifp>2, and (D/p) = —1. Here, N(p) = p>.
© (p) =p? ifp>2, and p|D. Here, N(p) = p.
Q (p) =pip2 if p=2 and D = 1(mod 8). Here,
N(p1) = N(p2) = p-
@ (p) =p ifp=2and D =5(mod 8). Here, N(p) = p.
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Factoring primes in a quadratic field

Let K = Q(\/D), and let p € 7. be a prime. Then,
@ (p) =pip2 if p>2, (D/p) = 1. Here, N(p1) = N(p2) = p.
@ (p)=pifp>2 and (D/p) = —1. Here, N(p) = p?.
© (p) =p? if p>2, and p|D. Here, N(p) = p.
Q (p) =pip2 if p=2 and D = 1(mod 8). Here,
N(p1) = N(p2) = p-
@ (p) =p ifp=2and D =5(mod 8). Here, N(p) = p.
Q (p) =p?ifp=2and D =2,3(mod 4). Here, N(p) = p.
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Factoring primes in a quadratic field

Let K = Q(v/D), and let p € 7 be a prime. Then,
Q (p) =pip2 if p>2,(D/p) =1. Here, N(p1) = N(p2) = p.
@ (p)=yp ifp>2, and (D/p) = —1. Here, N(p) = p>.
© (p) =p? ifp>2, and p|D. Here, N(p) = p.
Q (p) =pip2 if p=2 and D = 1(mod 8). Here,
N(p1) = N(p2) = p-
@ (p) =p ifp=2and D =5(mod 8). Here, N(p) = p.
Q (p) =p?ifp=2and D =2,3(mod 4). Here, N(p) = p.
In Cases 1 and 4, we say that p splits in K. In Cases 2 and 5, we

say that p is inert in K. In Cases 3 and 6, we say that p ramifies in
K.
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Factoring primes in a monogenic number field
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Factoring primes in a monogenic number field

@ An algebraic number field K of degree n is said to be
monogenic if there exists # € Ok such that

Ok =7Z+70+--+76m1L
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Factoring primes in a monogenic number field

@ An algebraic number field K of degree n is said to be
monogenic if there exists # € Ok such that

Ok =7Z+70+--+76m1L

@ Let f(x) € Z[x] be an irreducible polynomial such that
f(#) =0.
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Factoring primes in a monogenic number field

@ An algebraic number field K of degree n is said to be
monogenic if there exists # € Ok such that

Ok =7Z+70+--+76m1L

@ Let f(x) € Z[x] be an irreducible polynomial such that
f(0) = 0.

@ Let p be a rational prime and let g1(x), g2(x), - .., g/(x) be
distinct monic irreducible polynomials in Zp[x] such that

F(x) = 1) 82(x)% ... 1(x)° (mod p).

Review of algebraic number theory



Factoring primes in a monogenic number field

@ An algebraic number field K of degree n is said to be
monogenic if there exists # € Ok such that

Ok =7Z+70+--+76m1L

@ Let f(x) € Z[x] be an irreducible polynomial such that
f(0) = 0.

@ Let p be a rational prime and let g1(x), g2(x), - .., g/(x) be
distinct monic irreducible polynomials in Zp[x] such that

F(x) = 1) 82(x)% ... 1(x)° (mod p).

@ For each i, let fi(x) € Z[x] such that f;(x) = gi(x) (mod p),
and define p; = (p, f;(9)).
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Factoring primes in a monogenic number field

@ An algebraic number field K of degree n is said to be
monogenic if there exists # € Ok such that

Ok =7Z+70+--+76m1L

@ Let f(x) € Z[x] be an irreducible polynomial such that
f(0) = 0.

@ Let p be a rational prime and let g1(x), g2(x), - .., g/(x) be
distinct monic irreducible polynomials in Zp[x] such that

F(x) = 1) 82(x)% ... 1(x)° (mod p).

@ For each i, let fi(x) € Z[x] such that f;(x) = gi(x) (mod p),
and define p; = (p, f;(9)).

_ e e
o Then, (p) =pi'p5...p/".



Factoring primes in K/FF
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Factoring primes in K/FF

e If K/F is an extension of number fields (that is, [K : F] and
[F : Q] are finite), we call K a relative extension of F. If
F = Q, we say that K is an absolute extension.
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Factoring primes in K/FF

e If K/F is an extension of number fields (that is, [K : F] and
[F : Q] are finite), we call K a relative extension of F. If
F = Q, we say that K is an absolute extension.

@ We can generalize the notions that we learnt in previous slides
and ask how a prime ideal p in O factors in Ok.
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Factoring primes in K/FF

e If K/F is an extension of number fields (that is, [K : F] and
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ideal p of OF lying below 3, that is,
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[F : Q] are finite), we call K a relative extension of F. If
F = Q, we say that K is an absolute extension.

@ We can generalize the notions that we learnt in previous slides
and ask how a prime ideal p in O factors in Ok.

@ Let P be a prime ideal in Ok. There exists exactly one prime
ideal p of OF lying below ‘3, that is, 8 can contain exactly
one prime ideal p of FF.
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Factoring primes in K/FF

e If K/F is an extension of number fields (that is, [K : F] and
[F : Q] are finite), we call K a relative extension of F. If
F = Q, we say that K is an absolute extension.

@ We can generalize the notions that we learnt in previous slides
and ask how a prime ideal p in O factors in Ok.

@ Let P be a prime ideal in Ok. There exists exactly one prime
ideal p of OF lying below ‘3, that is, 8 can contain exactly
one prime ideal p of FF.

@ The inertial degree of 3; in Ok is defined as

fic/r(Bi) =[Ok /Bi - Or/p]-
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Factoring primes in K/FF

If K/IF is an extension of number fields (that is, [K : F] and
[F : Q] are finite), we call K a relative extension of F. If

F = Q, we say that K is an absolute extension.

We can generalize the notions that we learnt in previous slides
and ask how a prime ideal p in O factors in Ok.

Let 3 be a prime ideal in Ok. There exists exactly one prime
ideal p of OF lying below ‘3, that is, 8 can contain exactly
one prime ideal p of FF.

The inertial degree of B; in Ok is defined as

fic/r(Bi) =[Ok /Bi - Or/p]-

The fields Ok /B; and Op/p are called the residue fields at 3;
and p respectively.
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Factoring primes in K/FF

If K/IF is an extension of number fields (that is, [K : F] and
[F : Q] are finite), we call K a relative extension of F. If

F = Q, we say that K is an absolute extension.

We can generalize the notions that we learnt in previous slides
and ask how a prime ideal p in O factors in Ok.

Let 3 be a prime ideal in Ok. There exists exactly one prime
ideal p of OF lying below ‘3, that is, 8 can contain exactly
one prime ideal p of FF.

The inertial degree of B; in Ok is defined as

fic/r(Bi) =[Ok /Bi - Or/p]-

The fields Ok /B; and Op/p are called the residue fields at 3;
and p respectively.

Thus, the inertial degree fic /r(*B;) is the degree of the
extension of these finite fields.
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@ Suppose
I
pOK = Hm}eiv e € Na
i=1

where B3; are distinct prime ideals in Ok.
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@ Suppose
I
pOK = Hm}eiv e € Na
i=1

where B3; are distinct prime ideals in Ok.

@ The number ¢; is called the ramification index of ; in Ok,
and is denoted as ex /r(*B;).
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where B3; are distinct prime ideals in Ok.

@ The number ¢; is called the ramification index of ; in Ok,
and is denoted as ex /r(*B;).

@ p is said to ramify in K if eK/F(‘,B,-) > 1 for some i.
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where B3; are distinct prime ideals in Ok.

@ The number ¢; is called the ramification index of ; in Ok,
and is denoted as ex /r(*B;).

@ p is said to ramify in K if eK/F(‘,B,-) > 1 for some i.
Otherwise, p is said to be unramified in K.
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@ Suppose
I
pOK = Hm}eiv e € Na
i=1
where B3; are distinct prime ideals in Ok.

@ The number ¢; is called the ramification index of ; in Ok,
and is denoted as ex /r(*B;).

@ p is said to ramify in K if eK/F(‘,B,-) > 1 for some i.
Otherwise, p is said to be unramified in K.

o | = Ix/r(p) is said to be the decomposition number of p in
Ok.
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@ Suppose
I
pOK = Hm}eiv e € Na
i=1
where B3; are distinct prime ideals in Ok.

@ The number ¢; is called the ramification index of ; in Ok,
and is denoted as ex /r(*B;).

@ p is said to ramify in K if eK/F(‘,B,-) > 1 for some i.
Otherwise, p is said to be unramified in K.

o | = Ix/r(p) is said to be the decomposition number of p in
Ok.
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then =1 ex/w(Bi)fic/w (i) = [K : F].
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then =1 ex/w(Bi)fic/w (i) = [K : F].
@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ = eK/IF(q-}i) = [K : F]

for some 1 < < /.
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then =1 ex/w(Bi)fic/w (i) = [K : F].
@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ = eK/IF(q-}i) = [K : F]

for some 1 </ < /. In this case, / = 1 and fx/r(B;) = 1.

Review of algebraic number theory



Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then =1 ex/w(Bi)fic/w (i) = [K : F].
@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ = eK/IF(q-}i) = [K : F]

for some 1 </ < /. In this case, / = 1 and fx/r(B;) = 1.

o We say that p is said to split completely in O if
I = lk/p(p) = [K : F].
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then 71, ex/w(Ri)fic /(i) = [K : F.

@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ = eK/IF(q-}i) = [K : F]

for some 1 </ < /. In this case, / = 1 and fx/r(B;) = 1.

o We say that p is said to split completely in O if

| = /K/F(p) = [K : IF] In this case, eK/IF(iB,-) = fK/IF(SBI) =1
foreach 1 <j <.
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then 71, ex/w(Ri)fic /(i) = [K : F.

@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ ‘= eK/IF( ) [K IF‘]

for some 1 </ < /. In this case, / = 1 and fx /p(F;) =1

o We say that p is said to split completely in O if

| = /K/F(p) = [K : IF] In this case, eK/IF(iB,-) = fK/IF(SBI) =1
foreach 1 < <.

o If fx /p(Pi) = [K : F] for some i, then
Ik p(p) = 1= ex/p(Pi).
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then 71, ex/w(Ri)fic /(i) = [K : F.

@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ ‘= eK/IF( ) [K IF‘]

for some 1 </ < /. In this case, / = 1 and fx /p(F;) =1

o We say that p is said to split completely in O if

| = /K/F(p) = [K : IF] In this case, eK/IF(iB,-) = fK/IF(SBI) =1
foreach 1 < <.

o If fx /p(Pi) = [K : F] for some i, then
Ik/p(p) =1 =ex/r(Pi). Thatis, p =P;.
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Inert, completely split and ramified

@ Suppose K/F is a finite extension of number fields, and let p
be a prime ideal in Op such that pOx = Hf’=1 P, e €N,
where B3; are distinct prime ideals in Ok.

o Then 71, ex/w(Ri)fic /(i) = [K : F.

@ Then p is said to be completely ramified or totally ramified
in Ok whenever

€ ‘= eK/IF( ) [K IF‘]

for some 1 </ < /. In this case, / = 1 and fx /p(F;) =1

o We say that p is said to split completely in O if
I'=Ix/p(p) = [K : F]. In this case, ex/r(Bi) = fkr(Pi) =1
foreach 1 < i</

o If fx /p(Pi) = [K : F] for some i, then
/K/]F(p) =1= eK/F(iB ). Thatis, p = B;. In this case, we say
that p is inert in Ok.
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Galois extensions, ramification and inertia
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Galois extensions, ramification and inertia

Theorem

Let K/F be a Galois extension of number fields, that is, all the
F-conjugate fields of K are identical.

Let p be a prime ideal in O such that pOx = H;Zl BT, e €N,
where *B; are distinct prime ideals in Ok, with e; = ek /r(*F;),

fi = fir(Bi) and | = Ik r(p).
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Galois extensions, ramification and inertia

Theorem

Let K/F be a Galois extension of number fields, that is, all the
F-conjugate fields of K are identical.

Let p be a prime ideal in O such that pOx = H;Zl BT, e €N,
where *B; are distinct prime ideals in Ok, with e; = ek /r(*F;),

fi = f/w(Bi) and | = Ik /p(p).
Then,

ex/r(Bi) = ex/p(B)), fu/p(Bi) = fp(P;) forall 1 <i,j <.
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Galois extensions, ramification and inertia

Theorem

Let K/F be a Galois extension of number fields, that is, all the
F-conjugate fields of K are identical.

Let p be a prime ideal in O such that pOx = H;Zl BT, e €N,
where *B; are distinct prime ideals in Ok, with e; = ek /r(*F;),

fi = f/w(Bi) and | = Ik jr(p).

Then,

ex/r(Bi) = ex/p(B)), fu/p(Bi) = fp(P;) forall 1 <i,j <.

Since the above values are equal, we may respectively denote them
as ex/r(p) and fi/p(p).
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Galois extensions, ramification and inertia

Theorem

Let K/F be a Galois extension of number fields, that is, all the
F-conjugate fields of K are identical.

Let p be a prime ideal in O such that pOx = H;Zl BT, e €N,
where *B; are distinct prime ideals in Ok, with e; = ek /r(*F;),

fi = f/w(Bi) and | = Ik /p(p).
Then,

ex/r(Bi) = ex/p(B)), fu/p(Bi) = fp(P;) forall 1 <i,j <.

Since the above values are equal, we may respectively denote them
as ex/r(p) and fic/p(p). Thus,

ex/r(P) ik /r(P) Ik r(p) = [K : F].
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Decomposition group and inertia group
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Decomposition group and inertia group

@ The set of all F-embeddings of K forms a group called the
Galois group of K over F and denoted Gal(K/F).
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@ Suppose K is a Galois extension of F. Then, for any
o€ Gal(K/F), 0 : K— K and o(F) =F.

Review of algebraic number theory



Decomposition group and inertia group

@ The set of all F-embeddings of K forms a group called the
Galois group of K over F and denoted Gal(K/F).

@ Suppose K is a Galois extension of F. Then, for any
o€ Gal(K/F), 0 : K— K and o(F) =F. In fact, I is the
fixed field of Gal(K/F).
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@ The set of all F-embeddings of K forms a group called the
Galois group of K over F and denoted Gal(K/F).

@ Suppose K is a Galois extension of F. Then, for any
o€ Gal(K/F), 0 : K— K and o(F) =F. In fact, I is the
fixed field of Gal(K/F).

@ Let p be a fixed prime ideal in Op. Then, Gal(K/F)
transitively permutes the prime ideals of Ok lying above p.
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Decomposition group and inertia group

@ The set of all F-embeddings of K forms a group called the
Galois group of K over F and denoted Gal(K/F).

@ Suppose K is a Galois extension of F. Then, for any
o€ Gal(K/F), 0 : K— K and o(F) =F. In fact, I is the
fixed field of Gal(K/F).

@ Let p be a fixed prime ideal in Op. Then, Gal(K/F)
transitively permutes the prime ideals of Ok lying above p.

@ That is, let

/
pOK = [ [ 35
i=1
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Decomposition group and inertia group

@ The set of all F-embeddings of K forms a group called the
Galois group of K over F and denoted Gal(K/F).

@ Suppose K is a Galois extension of F. Then, for any
o€ Gal(K/F), 0 : K— K and o(F) =F. In fact, I is the
fixed field of Gal(K/F).

@ Let p be a fixed prime ideal in Op. Then, Gal(K/F)
transitively permutes the prime ideals of Ok lying above p.

@ That is, let
I
POk = | [ 37"
i=1

Then, for each 1 <i,j </, o(*B;) = ‘B, for some
o € Gal(K/F).
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@ For a prime ideal 3 of Ok, the decomposition group of 3
in K is defined as

Dyi(K/F) := {0 € Gal(K/F) : o() = B}.
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@ For a prime ideal 3 of Ok, the decomposition group of 3
in K is defined as

Dyi(K/F) := {0 € Gal(K/F) : o() = B}.

e For any p € Gal(K/F),

p~ Dy(K /F)p = Dy (K /E).
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@ For a prime ideal 3 of Ok, the decomposition group of 3
in K is defined as

Dyi(K/F) := {0 € Gal(K/F) : o() = B}.

e For any p € Gal(K/F),

p~ Dy(K /F)p = Dy (K /E).

o If 5B lies over a prime p in OF, then
|Dyp(K/F)| = ex/r(p)fk /e (p)-
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@ For a prime ideal B of Ok, the inertia group of L in K is
defined as

Tp(K/F) := {0 € Gal(K/F) : o(a) — o € B for all « € Ok }.
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@ For a prime ideal B of Ok, the inertia group of L in K is
defined as
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e For any p € Gal(K/F),
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