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Global well - pose dress

quot
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Consider the Initial Value Problem
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Using Str .

- chat a estimates and e fixed point argument
one can claim thatthisInitialblueProblem

is locally well - posed
in Hs Ct! )

,
s > o .

If d =L logousing
)

then
energy conservation ⇒ global well - posed mess for s 31 .

Question : Com we learn more about the

behaviourof the Solution u a. x ) as t  → o ?



Energy Spectrum
Given a periodic solution U Ct ,

x ) of a Coli spersie)
PDE

,
He call Energy Spectrum the set

ICH = { letCt
,

u ) 12
,

a E I
d }

Questions .

-
• What is the

dynamics
of Ect ) as t -2 to ?

• Is there on evolution equation for E Ctl ?



Transfer of energy
' hole "

'

?→

vicar ,Questions) Does the support of lit Ct
,Ellinorto high frequencies?

( Week turbulence
, forward cascade )

2) If such a
"

migration
"

happens ,
is it

done in a incoherent hopping way .

or more like a wavelike

transport

?



Two different approaches
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Approached : This is based on finding on effective dynamics.

One approximate the

equation
,

where The

kiouliinaaily
is

week ( d -20 )
,

C this is oben

in
Various

ways )

K X

oud thentakeslimits
to get to the Wave kinetic equation

⇒ Wore Turbulence Theory .

Fundamental original work on this by :

Peierls
,

Hasselman
,

Zakharov
,

he well
,

Ivar
,

Pomeroy Neza renko

,
- -

-
-
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Approach tf z : Growth of Sobolev Norms

Facts : Complete integrability may prevent the growth of
Sobolev norms ( I D cubic MLS

,
Kol V )

Fact Scattering prevents the growth of Sobobr nouns :

( Defaming Cubic NLS in IR? If U Ct ,
x ) is solution

in Hs cuz
' ) Him F ut E Hs CIR ' ) s . t .

520 It SHI ut - a 11µs
→ O ( Dodson ' 16 )

t - It is

As a consequence for t 721 f
SCH is unitary !

HUH Hus E 11 SCH ut - U Hust H Sct leet Hhs E E t II let
Hue .



A bound from above
.

Assume u Ct
,

x ) is the global smooth solution to

{
if u t see = In Rm

htt , 5- No XEITZ
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S > 21

( S - I ) t E

Facts a HU GI Hus E C It I It 121

for any
torus ( Bourgoin , Shingen ,

Monahan
- Visage)

'

Better results available for irrational tori
.

( Hrabski
,

Pan
,

S
. , Hilson )



Are there

solutions
that grace ? )

Facts
: Fix s > 1

,
Oc fact

,
K 221

,
then for ten cubic

,

outpouring MLS in IZ rational
,

F on initial date

Uo Ehs and a time TDs s .
t .
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Fact tf 2 : the dynamics of a toy model

gConservation of moss ⇒ & = { x e E
" / HII I

is when the dynamics happens
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The heart of the matter

theorem:

.
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See also a more Dynamical System approach four
Guoudie

- Kalos him
,

Hows - Proasi .  - -



Some Remarks

* He do not know what happens after time T
.

* In the work of Coles - Fa on the procedure is different
but the same set A of frequencies is used

.

Question : What happens when IT
2

is ?Anstey: with B . Wilson we prove that something
different happens : Both constructions presented

'

Above conned work to Shou transfer of energy !

Recently Giuliani - Guardi e proud that if thetorus .

is

irrational but " close to roti and "
one con adjust An argument .



Approach 2: From weakly nonlinear dispersive 
equations to wave kinetic equations 

- 
Numerical solutions of the isotropic 3-wave kinetic 
equation 
C. Connaughton 

(



From dispersive equations to wave kinetic equations 

Consider the periodic MLS weak

DE Ut All = E Iuka nonlinearity

MI ⇐ o
= NO X E IT !

size
of Torus

What one wants to study ,
after assuming on initial

distributionforked? is :

him El in CE -22,412)÷ niece )
E -30

,
L-700

and show that Damn = Q Chu ) Kove kinetic equation



Can we derive the wave kinetic equation?

Fundamental original work on This topic by :

Peierls
,

Hasselman
,

Benney - Softmon - he well
,

Zakharov
,

l '
Vor

,
Pomeou

,
Mater en WO

,
- - .

Fm these works one starts from a certain weekly nonlinear

dispersive equation C Mls
,

how
,

- - ) with parameters e
,

L

and a background probability ,
then Various types

of found approximations and limits are taken

⇒ W KE is obtained !



Example of a formal derivation of a WKE

Consider the Zakharov - Kuznetsov CZ - KI equation
Of cfcx,
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,
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,
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Define An Ctl : =

To
Cti k ) ↳

Assume an Ct ) are Random Phase Amplitude ( RPA )

fields . the went to write :

Aw HI = ai "
Ct ) t E ai ' '

Ctl t E
'

Any "
Ct ) t . .
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i = o

,
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,
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Finally one writes
ignore teeing with Ek

,
h > 2 '

nulth IE Clan CHI
' ) I s @i "

t E an
" 't E
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ai " ) @i "
to an
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,
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,

I
,

2 ,
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to E

'

and taking
L → is then E -20

obtain
fun = Q Chu )



Mathematical literature: rigorous derivation 

• Erdos - You
,

Erdos - Sohn hofer - you :

Random linear Schrodinger on a lattice setting

→ Ii hear Boltzmann C kinetic fine ) → heat equation ( diffusion
time t  

= d
- 2 - e )

• Luk Kari hen - Spohn :
'

Random Cubic Nls at equilibrium
and on a

lattice setting .

.

→ I linearized I thee
kinetic

equation
at kinetic

time
.



Random . Initial Date :

• Buckmaster - Geunoin - Honi -

Shekels : MLS in continuum are

→ below kinetic time ( linear kinetic agnation)

• Callot - Germain
, Deng

- Honi : NLS in continuum are

→ strictly
below kinetic time C linear kinetic quot .

on )

• Deny
- Honi : Nls in continuum are

→ at kinetic time ( nonlinear kinetic equation)
it ol t a lo = d lol 124

,
on periodic

Torus
co ,

nd oh >7
,

L
,

d linked
.

• Luk Kari hen - Vuoksen man : Mls in lattice are

→ at kinetic time oh , 4 .

Nhu : Zk equation with dissipation and in continuum
.

UKE before kinetic time



Recent work by S.-Tran

He consider the - ooh ask -

c Zk equation
O

dcfcxit ) = - DE ofCpt )

otttEG.CO/4x.ti)dttE9q0OdVLCt

)

{

4401=409
)

randomly distributed I
Eccl

,
ococc I

Stochastic term

The equation is
considered

on a lattice

A- = { O
,

I
,

- . .

2yd
ol 72 I dimension )

Lin
IN

.



Passing to frequency space

ol
Neurite he -

- Chi
,  - .

,
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EA

-

- f -

E
, -

- ie ,  
- -

i.
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Wu -

-
Wcw ) = Sin C 25kt )[ since kl ) t - -

tsim C 2549 ]

ccdispersiverelation ]

Jw = sin CLITK ' )

Want ) =
E.no#ytufei2tth-× C Stochastic term ]

{ Wwe ) ) -
- sequence of independent real Kiener

processes
on CR ,

F
, P )

.

*

V.
 
wet = - Walt ) f

WEI

= Ax ' 903 .



Set an =

ICI
and reunite ttuefuotion

Eunol au = i w cu ) aw alt ti EO

Aao
of Uu

i 4µg, due sign
Ch ")

#¥u
Tcu - u

.
- he ) an .qdt

Definite[ two points correlation

factions, density fiction

f- Cacti ) = J tact ) Kolya) : = Ca Te >



Statement of the main result

Consider Her two - points correlation function
fck , t I .

- C act in Ict int > = Joly I An Lti 12

Theorem I s
.

- Tran ] let ol 72
,

under suitable C but genial)

assumptions on the initial distribution fo , if t  
= EZ

z cc I

⇐ off? ,
f- Ck

,
E

. I ) = f
-

cues and

fzf 9k
,

a ) = Q ( fo ) Ck , c) 3 - Wore kinetic

Equation



The difficulties

•• In the rigorous derivation one needs to estimate

tell
Feynman graphs

• The oh 's create setting
is much more complicated then Thee

continuum setting
• The dispersion relation is

very singular
• The quadratic nonlinearity is not as good as The

Cubic nonlinearity



How we dealt with the obstacles

• He concentrated on The study of the equation for the

density friction get ) I Liouville Gudi on ]

• The stochastic term acts only on angles
notmagnitude

and
gives

to the Liouvilleequation some

dissipation

a
. r . t .

the angle variables
.

• He lookedfor a weaker type of convergence
and

this allowed for L and E not to be coupled .



looking at the Future

1) He need better
upper

bounds for the Hs nouns

2) He need examples of growing solutions

3) He would like to
go further thou The kinetic

StoleG) He would like to understand better the connection

between the two approaches des ai bed
.

5) He would like to see more humeri ad work .
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!
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