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The lake equations
Fluid domain {(x, z), X € Q, —b(X) < z < h(X)}

We consider v(t, x) the vertically averaged horizontal
component of the velocity of an incompressible fluid satisfies:

ot(bv) +div(bv ® v) + bVp =0,
div(bv) =0, (bv)-n=0.

Derivation: Greenspan 68 (p. 235), Bresch-Métivier 10 (from

the shallow water wave equations in the low Froude number

limit), Mésognon.
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Potential vorticity

Like for the 2D Euler equations, a crucial quantity for this
problem is the potential vorticity:

. 1 . 81 V2—82V1
w—Ecurl(V)— 5

which satisfies the continuity equation

Ot(bw) + div (bvw) = 0, div (bv) = 0.

Remark

b'/Puy € LP = b'/Pu(t,-) € LP VYt > 0.

Vortex for lake

1
_ vl (1 _
bv = V- where div ( bw) buw.



Well posedness results

Theorem (Levermore - Oliver - Titi 96)

lfband 02 € C3, L < b(x) < C,b'/Pwg e LP = ue W'P =
existence and uniqueness in the Yudovich class.

v

Theorem (Bresch - Métivier 06)

If band 0Q € C83, b(x) = ¢(x)d(x, Q)" (a > 0),
b'/Pwy € LP — u € WP — existence and uniqueness in the
Yudovich class.

Theorem (Al Taki - C.L. 23)

If band 9Q € C8, b(x) = c(x)d(x,dQ)* (« > 0), and
wo € L*(Q) then u €LogLip and the solution is lagrangian.

Lake equations Expansion of the Biot-Savart kernel Vortex for 2D Euler Vortex for lake

/| 24



Lake equations Expansion of the Biot-Savart kernel Vortex for 2D Euler Vortex for lake

Other reduced model

@ 2D Euler equations: if u(t, x) = (u1, Uz, 0)(£, X1, X2), then
curl u = wey verifies the lake equation with b = 1.

@ Axisymmetric 3D Euler equations without swirl: if
u(t,r,0,z) = (ur,0,u;)(t,r,z), then curl u = (0, wy, 0)(r, 2)
verifies the lake equation with b(r,z) = r.

@ Helicoidal 3D Euler equations without swirl.

Commun property: the vorticity is scalar and transported.
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Concentrated vortex?

Texoma lake (US, Oklahoma) 2015 [DR / US Corps of Engineers]
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Expansion of the Biot-Savart kernel Vortex for 2D Euler
Concentrated vortex?

Assumption
Z/ 1 Wie where supp wi,s(o) - B(ZO,I" M(‘:),

M

Vortex for lake

Question:

@ does the vorticity remain concentrated? w; . “ ~ "Yi0z(t)

@ equation verified by z(t)?



Expansion of the Biot-Savart kernel Vortex for 2D Euler Vortex for lake
Two notions of “being concentrated”

Definition (weakly concentrated (the mass))

1
= bwj. >1—n. wherer.,n. - 0ase — 0.

Yi JB(z(t),r)

Definition (strongly concentrated (the support))
supp wj(t) C B(z:(t),r.) where r. — 0as e — 0.
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Expansion of the Green-kernel
We have bv. = V424 harmonic part related to islands, where
= [ Gap(x,y)(bw:)(y) dy solves div (%wg) = bw. iNQ
and 42|pq = 0.

Lemma

Gap(x,y) = vVb(x)\/b(y)Ga(x,y) + San(X,y)

where Gq, is the usual Green kernel (AE,1 ) and

div x (5= VxSan(x.¥)) = Galx.¥)Vb(y)Ax(

Sab( ¥)loa =0

Corollary: Go p(x,¥) = 2=1/b(X)\/b(y) In|x — y| + Ra (X, y)
with Rqp € W o W2P.

loc loc

)in Q,

1 1
B(x) VB(X)
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Biot-Savart type formula

The solution of div %V% = bw,. can be written as
1
00) = 5 [ Inlx = yIV/BRB() (b))l +

1
hence v. = Y% = vk + v, + vg where

L
o () = 5= [ U=\ p e ndy = (e ) the

spinning around a straight vortex filament;

1
0 () = 3= g [l yly [ (BedIsy = One)
o VR:O(1)
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The 2D Euler equations

Limit trajectories: point vortex system

(1)
z(t) = Z f2w|z, ~Z (07

@ Marchioro-Pulvirenti 93: weakly concentrated.

@ Marchioro-Pulvirenti 94: strongly concentrated, r. < <° with
B8 < 1/300.

@ Marchioro 98, r. < &7 with 8 < 1/3.

@ Butta-Marchioro 18: time where some vorticity meet 9B(z;, °)
with 8 < 1/2.
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Marchioro’s strategy

a) Consider that there is only one vortex patch and an exterior
lipchitz force F.. Ok if strongly concentrated.

witn) = 5 [ D (b, y)dy + Fo(t, )

27 |x —yl?

b) Vortex center: z.(t) := /Xwg(l‘, x)dx: then
2. = — / xdiv(ug(x)wg(x))dx: / U (X ) (X)

// \x y|2 ws(x ws(y)dxdy+/F€w6

// |x — y\: B b= y) }Ws(x)ws(}’)dxdy+0(1):

Ix — y|2

o
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Marchioro’s strategy

c) Moment of inertia: I.(t) := [ |x — z-(t)[2w(t, x)dx: then

() = / 2(x — 2.) - (te(X) — Z.)wn (X)X

/ / (x - z) y)| we (X)we (y)dxdy

" / / 2(x - ze) (FL(X) — Fo(y))we(xX)ue () ey

271'// -y |x y)|2 c(X)w:(y)axdy + ...
Cle (1) < Ce.

Corollary: weakly concentrated [p , . cw: < k.
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= ’
Marchioro’s strategy

d) Rri=  max  |x— z(1)] = [Xx (1) — z:(t)], then
xesuppwe (t)

E\Xxo(t) —z(1)] < f(t, mt(f» where mi(R) := /B(ziﬁ)c%‘

e) lim e ‘my(¢”) =0 forany ¢ e N.
e—0

VERY technical: p:(h) := 1 — [ Wh(x — z-)w(x)dx (so that
pe(h) < my(h) < pe(3)) and prove that
%Nl‘(h) = “Uradial . VWh” < Ahmt(h) + iteration.

f) Conclusion by a continuity argument and bootstrap argument.
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Other references

Iftimie-Sideris and Gamblin

Smets-Van Schaftingen

°
°

@ D. Caoetal.
@ Davila-Del Pino-Musso-Wei
)

Gallay
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Lake equations Expansion of the Biot-Savart kernel Vortex for 2D Euler
Local Induction Approximation

We expect a fast motion, self induced in the direction of Vb
(on the level set C)).

Main Theorem (Hientzsch - Miot - C.L. 23

After a time change of var., if z;(0) € C; (C; N C; = 0), the limit
trajectories is z; = — 7 V;(‘;f)z’), and the vorticity is weakly

concentrated and strongly concentrated around the level set:

supp wei(t) € {x 4 606) — bl < 1T .

Strategy (Butta-Cavallaro-Marchioro 22): moment of inertia in
the transverse direction J.(t) = [, |b(x) — b(2°)[2(bw.)(x)dx.
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References

Main references:

@ Benedetto-Caglioti-Marchioro 00: one vortex ring.

@ Butta-Marchioro 20: several vortex rings (short time).

@ Butta-Cavallaro-Marchioro 22: several vortex ring (r; # ;).
Further references

@ J. J. Thomson 1883.

@ Da Rios 1906: formal derivation for vortex filament.

@ Jerrard-Smets 15, Jerrard-Seis 17.

@ Richardson 00: formal derivation for the lake equation.

@ Dekeyser-Van Schaftingen 20: one point and b(x) > by > 0
(weakly concentrated).

Existence of a particular solution: Frankel 70 and....
Slightly viscous fluid: Gallay-Sverak 16,
Bedrossian-Germain-Harrop Giriffiths 18.
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Main open questions

Study of the filamentation.

Leapfrogging phenomenon.

Vortex ring emanated from Etna.

Source: Siciliafan.
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Thank you for your attention!!
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