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Outline
@ Introduce the model and the questions:
® Hopf-Cole solutions.
@ Why stationary mod + c distributions?
® Synchronization and 1F1S.
® Results

® Regularity of the solution semi-group and sharp characterization of
non-explosive initial conditions. (AJRS)
O Ergodicity and synchronization (JRS)

© Tools:

@ Busemann process.

@ Continuum directed polymer.
® Gibbs-DLR measures.

® Martingales.
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The KPZ equation (Kardar-Parisi-Zhang 1986) is a prototypical
example of random planar growth:

1 1
Och = S0uch+ 2 (0h)® + W

W is space-time white noise, “W(t,x) ~ N(0, d¢ x)"

B[W(t, x\)W(s,y)] = e—sbr,”.

h(t, x)
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KPZ/SHE

0.7 = %axxz + ZW, (SHE/PAM)

Formally, h = In Z solves

1 1
Och = 2 0ch + 5(axh)2 + W (KPZ)
This is the Hopf-Cole definition of solutions to KPZ.

Fact: (Bertini-Giacomin '97,Alberts-Khanin-Quastel '14, Hairer-Quastel
'16,...) The Hopf-Cole solutions where Z is the mild solution to
(SHE/PAM), is a scaling limit of many models = physical.

“Theorem.” (Hairer '14 (T), Perkowski, Rosati '19 (R)) The KPZ
equation is well-posed for nice initial data. This solution agrees with the
Hopf-Cole(*) solution h(t,x) = In Z(t, x).
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Stationary mod +c distributions:
Theorem: (e.g. Amir, Corwin, Quastel '11) With “narrow-wedge” IC, in

probability,
li 1h t,0/0,0) = : t i
Jim ~ (t,0]0, )_—ﬂ = transience
A (random) initial condition hq is stationary mod + c if
1 1
Och = 5axxlv+§(axi1)2 + W, h(0, x) = ho(x)
(h(t,x) mod + c)xer < (h(0,x) mod + C)xer
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Synchronization/1F1S:
Theorem. (Bertini, Giacomin '97) For A € R, Brownian motion with
drift, (B(x) 4+ Ax)xer, is stationary mod + c for KPZ.

Conjecture: (1F1S, ex. Bakhtin, Khanin '18) If ho(x) = Ax + ¢(x),
1(x) sublinear

Orh_1 = 30uch_1 + 3(0ch_7)> + W
h_1(—=T,x) = ho(x)

lim (th(taX) - th(tvy)) = b)\<t,X, tv.)/) 4 B(X) - B(y) + )‘(X __)/)~

T—0o0

Forward synchronization: h(t,x) - hit,0)

hi0,x)=i.i.d. N{O,|x| ~1/3) hi{D,x)=

VPN f\uf\wﬂ\]ﬂj\/\ WUA f
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Mild solutions:
1 _2
\/ﬁe 2 1(000)(t)

1
(}tZ = EaXXZ + ZW, p(t,X) =

e Mpyg={pe M, (R):Va> O,J e‘axzp(dx) < o}
R

Chen-Dalang '14/'15 show 3! solution for fixed s € R, u € Myg of

Z(t,x

Sip) = JR p(t —s,x = y)u(dy)
t poo
+ J J p(t — u,x — 2)Z(u, z|s; u) W(dudz)
s —0
The Green's function takes p = §,:
Z(taX|SaY) = Z(taX|5; 5}’)

Other existence/uniqueness results: Bertini and Cancrini '95, Bertini
and Giacomin '97.
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Renormalized Green’s function:

Zealsy) g ]
Z(t,x|s,y) = {f(f—sax—}/) z= , “ E(sy %) [: ols W(u,By) :] "

Theorem. (AJRS 22+) 3 a modification Z(t,x|s,y) € C(R*,R). A.s.
IC=C(T,w):if-T<s<t<T,

CHA+ X[+ y[H) ™ < Z(txls,y) < CL+ x[* + [y
We define
Z(t,x|s,y) = Z(t,x|s,y)p(t = s,x — y)

Zleoxdsi) = [ Z(exls.yutey) = [ Z(exis ot == y)uey).

Previous work: Alberts-Khanin-Quastel '14 constructed Z(t, x|s, y) for
s < t previously.
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KPZ solution semi-group:
For f Borel, call

h(t,x|s; f) := InJZ(t,x|s,y)e’r(Y)dy7 h(s,x) = f(x).
Mue ={pe M (R):Va> O,J e_ax2u(dx) < oo}
R
Ckpz = {f e C(R,R) : J e (9= g for all a > o}.
R

Theorem. (AJRS '22+)

(1) efe/\/lHE - h(t,-S; f)eCsz,and
efq:‘/\/lHE,t»s — h(t,-s;f)zoo.

@® ¢ € Myg, se R = h(-,|s; f) is the Hopf-Cole solution, P a.s.

© (Quenched continuous DS) (f,s, t) — h(t,|s; ) is continuous
Ckpz x Ri_, — Ckpz.

@ (Conservation law) limy_ 1 f(x)/x = limy_ 4+ h(t, x|s; )/x
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Ergodic distributions.
f~giff()=g()+c,  [fleCkpz="Ckpz/~

Corollary. (AJRS 22+) [h(t,|s; )] : R2, xCkpz — Ckpz is continuous
= Feller.

Theorem. (JRS 22+) The distribution of [B(-) + A-] is (totally) ergodic.
If P is any ergodic distribution, then either
@ There exists A € R such that P is the distribution of [B(-) + A-].

@® There exists A > 0 such that P is supported on equivalence classes
[f] € Ckpz with

A= lim W and lim 2 )
X——00 X X—00 X

for all f € [f].

Open problem: Do ergodic measures of the second type exist?
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Synchronization:
(Simplified) Theorem. (JRS 22+) There exists a random countable A“
with A € R, P(A € A) = 0 so that for A ¢ A, if ¥ is sublinear and

hor(=T,x) = (11X)1(—o0,0)(x) + (1X)1(0,00) () + P (x),

p=0, n<0 = A=0 p<0, n<luf = A=pu

n>0, —pu<n = A=n

Tli_r)noc(th(t’ x) — h*T(svy» = b/\(S,y, t,X)
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Busemann process:
Theorem. (JRS 22+) 3{b (s, y,t,x) : \,s,x,t,y € R}, and a random
countable A¥ satisfying

@ Forall \e R, P(Ae ) =0.

@ (Equal off A) If A ¢ A, then b** = b~ (:= b*).

© (Continuous) For all \, X (-, - -) € C(R*, R)
Brownian) For all t,\ € R, b*(t,y, t,x) 4B x)—B(y) + Mx—y).
Cocycle) b* (s, y,r,z) + bB*E(r, z, t,x) = b (s, y, t, x).
Eternal solution of KPZ) For all s,t,y,x, A and r < t,

—_~ o~ o~ o~

(4]
(5]
(6]
B (s,y,t,x) = In f Z(t,x|r, u)e” Y0 du = h(t,x|r; (s, y, 7, )

Time t: b*E(s,y,t,)

Time r < t: b (s,y,r,")
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Continuum Directed Random Polymer:

The CDRP is the measure Q(s.f),(t,x) on C([s, t],R) with transitions

Z(r,uls;f)

LBES ) gy
Z(r' u'|s; f) 4
S ——

T(s;f), (e.) (1, dulr’ ') = Z (¢, u'|r, u)
eh(r.ulsin F)—h(r' v’ |s;In F)

Originally introduced by Alberts-Khanin-Quastel '14 for fixed t, x, s, f.

Theorem.(AJRS '22+) A regular (continuous, monotone, etc.) coupling
of all Qs;pu),(¢,x) €xists.

C. Janjigian Ergodicity and Synchronization of the Kardar-Parisi-Zhang Equation



Infinite volume (Gibbs) polymers and eternal cocycles:

b** is an eternal (cocycle) KPZ solution: with f(y) = b**(s,y, t,x),
Z(ryuls; f)
Z(r', u'ls; f)

= Z(¢', |r, u)eb”  (rur ) gy
N

W(S.ebxi(s,»,t,x))‘(t‘x)(r/? du/|r, du) = Z(rlv u/|r7 u)

Does not depend on s

which defines Q()‘ti;) on C((—oo, t],R).
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Ergodicity, eternal cocycle solutions, and Gibbs polymers:
If P is ergodic take [A(—T,-)] ~ P. Extension —
3 global cocycle sol bP (s, x, t,y) (on an extended space)

=

|
A
N

Global cocycle = 3 semi-infinite polymer Qfx with transitions

wl (r du|r du) = Z(r', |r, u)e () gy
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Busemann limits and Gibbs martingales:
The Busemann limit says that if A\¢ A, z,/r > —Xasr — —©

(s ylnz) | p sy
Z(t,x|r, z,) '

On the other hand, because Qf, is Gibbs,

Z(s,y|r, X,) . P [ Z(s,y|r, X;) P
MSYtx — R P bmg, EQ:.x AN _ o (syitx)
r Z(t,x|r, X,) isa Q; bme Z(t,x|r, X,) ¢ ’
X . _
x = lim — exists QF. —as. (x € [0, 0] is @ random).
r——o ’ ’
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LLN/slope duality:
By monotonicity, for large —r and x < 0, QEX a.s.
Z(t,x|r,—(A+e)r) Z(t,x|r, X,)
RSV T A
Z(t,0|r,—(A+2)r) Z(t,0]r, X,)

Ate P
eb (t,0,t,x) Qtfx(x > _)\) < eb (t,O,t,x)_

lys—ny =

— bP(t,0,t
’ X——00 X
Qolx = -2 >0 <= Qf (x=-)) >0 = {Qro(x =—)) >0} is
translation invariant.
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LLN/slope duality continued:
If P is ergodic, then since [bP(t,0,t,-)] ~ P

P(QFy(x = —A)>0)>0 — P( m f(x)/x<\) =1

X——00

Similar statements for limy_+ o and lim,_,, _ and a finiteness lemma
— 3 finite \,\ :

P( lim £(x)/x =A) - P( lim £(x)/x =X) ~1.

X——00 X—00

Consistency with the Busemann limits now says that if we do not have
X > 0and xy = —Y, then bP = b for A\ =X = \.
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Thank you!
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