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Outline

1 Introduce the model and the questions:

a Hopf-Cole solutions.
b Why stationary mod + c distributions?
c Synchronization and 1F1S.

2 Results

a Regularity of the solution semi-group and sharp characterization of
non-explosive initial conditions. (AJRS)

b Ergodicity and synchronization (JRS)

3 Tools:

a Busemann process.
b Continuum directed polymer.
c Gibbs-DLR measures.
d Martingales.
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The KPZ equation (Kardar-Parisi-Zhang 1986) is a prototypical
example of random planar growth:

Bth “
1

2
Bxxh `

1

2
pBxhq

2
` W

W is space-time white noise, “W pt, xq „ Np0, δt,xq”

“ErW pt, xqW ps, yqs “ δt“sδx“y”.

hpt, xq

hp0, xq
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KPZ/SHE

BtZ “
1

2
BxxZ ` ZW , (SHE/PAM)

Formally, h “ lnZ solves

Bth “
1

2
Bxxh `

1

2
pBxhq2 ` W (KPZ)

This is the Hopf-Cole definition of solutions to KPZ.

Fact: (Bertini-Giacomin ’97,Alberts-Khanin-Quastel ’14, Hairer-Quastel
’16,...) The Hopf-Cole solutions where Z is the mild solution to
(SHE/PAM), is a scaling limit of many models ùñ physical.

“Theorem.” (Hairer ’14 (T), Perkowski, Rosati ’19 (R)) The KPZ
equation is well-posed for nice initial data. This solution agrees with the
Hopf-Cole(*) solution hpt, xq “ lnZ pt, xq.
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Stationary mod +c distributions:
Theorem: (e.g. Amir, Corwin, Quastel ’11) With “narrow-wedge” IC, in
probability,

lim
tÑ8

1

t
hpt, 0|0, 0q “ ´

1

24
ùñ transience

A (random) initial condition h0 is stationary mod + c if

Bth “
1

2
Bxxh`

1

2
pBxhq2 ` W , hp0, xq “ h0pxq

phpt, xq mod + cqxPR
d
“ php0, xq mod + cqxPR

hpt, xq

hp0, xq

y x
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Synchronization/1F1S:
Theorem. (Bertini, Giacomin ’97) For λ P R, Brownian motion with
drift, pBpxq ` λxqxPR, is stationary mod + c for KPZ.

Conjecture: (1F1S, ex. Bakhtin, Khanin ’18) If h0pxq “ λx ` ψpxq,
ψpxq sublinear

#

Bth´T “ 1
2Bxxh´T ` 1

2 pBxh´T q2 ` W

h´T p´T , xq “ h0pxq

lim
TÑ8

ph´T pt, xq ´ h´T pt, yqq “ bλpt, x , t, yq
d
“ Bpxq ´ Bpyq ` λpx ´ yq.

h´T pt, xq

h´T ps, xq

h´T p´T , xq

C. Janjigian Ergodicity and Synchronization of the Kardar-Parisi-Zhang Equation 6/19



Mild solutions:

BtZ “
1

2
BxxZ ` ZW , ρpt, xq “

1
?
2πt

e´ x2

2t 1p0,8qptq

µ P MHE “ tµ P M`pRq : @a ą 0,

ż

R
e´ax2

µpdxq ă 8u

Chen-Dalang ’14/’15 show D! solution for fixed s P R, µ P MHE of

Z pt, x |s;µq “

ż

R
ρpt ´ s, x ´ yqµpdyq

`

ż t

s

ż 8

´8

ρpt ´ u, x ´ zqZ pu, z |s;µqW pdudzq

The Green’s function takes µ “ δy :

Z pt, x |s, yq “ Z pt, x |s; δy q

Other existence/uniqueness results: Bertini and Cancrini ’95, Bertini
and Giacomin ’97.
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Renormalized Green’s function:

Zpt, x |s, yq “

#

Zpt,x|s,yq

ρpt´s,x´yq
s ă t

1 s “ t
“ “ EBB

ps,yq,pt,xq

”

: e
şt
s
W pu,Buq :

ı

”

Theorem. (AJRS 22+) D a modification Zpt, x |s, yq P CpR4,Rq. A.s.
DC “ C pT , ωq : if ´T ď s ď t ď T ,

C´1p1 ` |x |4 ` |y |4q´1 ď Zpt, x |s, yq ď C p1 ` |x |4 ` |y |4q.

We define

Z pt, x |s, yq “ Zpt, x |s, yqρpt ´ s, x ´ yq

Z pt, x |s;µq “

ż

R
Z pt, x |s, yqµpdyq “

ż

R
Zpt, x |s, yqρpt ´ s, x ´ yqµpdyq.

Previous work: Alberts-Khanin-Quastel ’14 constructed Z pt, x |s, yq for
s ă t previously.
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KPZ solution semi-group:
For f Borel, call

hpt, x |s; f q :“ ln

ż

Z pt, x |s, yqef pyqdy , hps, xq “ f pxq.

MHE “ tµ P M`pRq : @a ą 0,

ż

R
e´ax2

µpdxq ă 8u

CKPZ “

"

f P CpR,Rq :

ż

R
ef pxq´ax2

dx for all a ą 0

*

.

Theorem. (AJRS ’22+)

1 ef P MHE ùñ hpt, ¨|s; f q P CKPZ, and
ef R MHE, t " s ùñ hpt, ¨|s; f q ” 8.

2 ef P MHE, s P R ùñ hp¨, ¨|s; f q is the Hopf-Cole solution, P a.s.

3 (Quenched continuous DS) pf , s, tq ÞÑ hpt, ¨|s; f q is continuous
CKPZ ˆR2

sďt Ñ CKPZ.

4 (Conservation law) limxÑ˘8 f pxq{x “ limxÑ˘8 hpt, x |s; f q{x
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Ergodic distributions.

f „ g if f p¨q “ gp¨q ` c , rf s P rCKPZ “ CKPZ { „

Corollary. (AJRS 22+) rhpt, ¨|s; f qs : R2
sďt ˆrCKPZ Ñ rCKPZ is continuous

ùñ Feller.

Theorem. (JRS 22+) The distribution of rBp¨q ` λ¨s is (totally) ergodic.
If P is any ergodic distribution, then either

1 There exists λ P R such that P is the distribution of rBp¨q ` λ¨s.

2 There exists λ ą 0 such that P is supported on equivalence classes
rf s P rCKPZ with

´λ “ lim
xÑ´8

f pxq

x
and lim

xÑ8

f pxq

x
“ λ

for all f P rf s.

Open problem: Do ergodic measures of the second type exist?
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Synchronization:
(Simplified) Theorem. (JRS 22+) There exists a random countable Λω

with λ P R, Ppλ P Λq “ 0 so that for λ R Λ, if ψ is sublinear and

h´T p´T , xq “ pµxq1p´8,0qpxq ` pηxq1p0,8qpxq ` ψpxq,

µ ě 0, η ď 0 ùñ λ “ 0 µ ă 0, η ă |µ| ùñ λ “ µ

η ą 0, ´µ ă η ùñ λ “ η

lim
TÑ8

ph´T pt, xq ´ h´T ps, yqq “ bλps, y , t, xq
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Busemann process:

Theorem. (JRS 22+) Dtbλ˘ps, y , t, xq : λ, s, x , t, y P Ru, and a random
countable Λω satisfying

1 For all λ P R, Ppλ P Λq “ 0.

2 (Equal off Λ) If λ R Λ, then bλ` “ bλ´p:“ bλq.

3 (Continuous) For all λ, bλ˘p¨, ¨, ¨, ¨q P CpR4,Rq

4 (Brownian) For all t, λ P R, bλpt, y , t, xq
d
“ Bpxq ´ Bpyq ` λpx ´ yq.

5 (Cocycle) bλ˘ps, y , r , zq ` bλ˘pr , z , t, xq “ bλ˘ps, y , t, xq.

6 (Eternal solution of KPZ) For all s, t, y , x , λ and r ă t,

bλ˘ps, y , t, xq “ ln

ż

Z pt, x |r , uqeb
λ˘

ps,y ,r ,uqdu “ hpt, x |r ; bλ˘ps, y , r , ¨qq

Time t: bλ˘
ps, y , t, ¨q

Time r ă t: bλ˘
ps, y , r , ¨q
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Continuum Directed Random Polymer:

fs

r

r 1

t
x y

The CDRP is the measure Qps;f q,pt,xq on Cprs, ts,Rq with transitions

πps;f q,pt,xqpr , du|r 1, u1q “ Z pr 1, u1|r , uq
Z pr , u|s; f q

Z pr 1, u1|s; f q
loooooomoooooon

ehpr,u|s;ln f q´hpr1,u1|s;ln f q

du1

Originally introduced by Alberts-Khanin-Quastel ’14 for fixed t, x , s, f .

Theorem.(AJRS ’22+) A regular (continuous, monotone, etc.) coupling
of all Qps;µq,pt,xq exists.
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Infinite volume (Gibbs) polymers and eternal cocycles:
bλ˘ is an eternal (cocycle) KPZ solution: with f pyq “ bλ˘ps, y , t, xq,

π
ps;ebλ˘ps,¨,t,xqq,pt,xq

pr 1, du1|r , duq “ Z pr 1, u1|r , uq
Z pr , u|s; f q

Z pr 1, u1|s; f q
du1

“ Z pr 1, u1|r , uqeb
λ˘

pr ,u,r 1,u1
qdu1

looooooooooooooooomooooooooooooooooon

Does not depend on s

...

r

r 1

t
x

which defines Qλ˘

pt,xq
on Cpp´8, ts,Rq.
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Ergodicity, eternal cocycle solutions, and Gibbs polymers:
If P is ergodic take rhp´T , ¨qs „ P. Extension ùñ

D global cocycle sol bPps, x , t, yq (on an extended space)

hpt, ¨q

hp´T , ¨q

Global cocycle ùñ D semi-infinite polymer QP
t,x with transitions

πP
t,xpr 1, du1|r , duq “ Z pr 1, u1|r , uqeb

P
pr ,u,r 1,u1

qdu1.
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Busemann limits and Gibbs martingales:
The Busemann limit says that if λ R Λ, zr{r Ñ ´λ as r Ñ ´8

Z ps, y |r , zr q

Z pt, x |r , zr q
Ñ eb

λ
ps,y ,t,xq.

On the other hand, because QP
t,x is Gibbs,

Ms,y ,t,x
r “

Z ps, y |r ,Xr q

Z pt, x |r ,Xr q
is a QP

t,x bmg, EQP
t,x

„

Z ps, y |r ,Xr q

Z pt, x |r ,Xr q

ȷ

“ eb
P

ps,y ,t,xq,

χ “ lim
rÑ´8

Xr

r
exists QP

t,x ´ a.s. pχ P r´8,8s is QP
t,x randomq.

...

t
x
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LLN/slope duality:
By monotonicity, for large ´r and x ă 0, QP

t,x a.s.

Z pt, x |r ,´pλ` εqrq

Z pt, 0|r ,´pλ` εqrq
¨ 1tχě´λu ď

Z pt, x |r ,Xr q

Z pt, 0|r ,Xr q
1tχě´λu ùñ

eb
λ`ϵ

pt,0,t,xqQP
t,xpχ ě ´λq ď eb

P
pt,0,t,xq.

QP
0,0pχ ě ´λq ą 0 ùñ lim

xÑ´8

bPpt, 0, t, xq

x
ď λ

QP
0,0pχ ě ´λq ą 0 ðñ QP

t,xpχ ě ´λq ą 0 ùñ tQP
0,0pχ ě ´λq ą 0u is

translation invariant.
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LLN/slope duality continued:
If P is ergodic, then since rbPpt, 0, t, ¨qs „ P

PpQP
0,0pχ ě ´λq ą 0q ą 0 ùñ Pp lim

xÑ´8
f pxq{x ď λq “ 1

Similar statements for limxÑ˘´8 and limxÑ˘´8 and a finiteness lemma

ùñ D finite λ, λ :

P
´

lim
xÑ´8

f pxq{x “ λ
¯

“ P
´

lim
xÑ8

f pxq{x “ λ
¯

“ 1.

Consistency with the Busemann limits now says that if we do not have
χ ą 0 and χ “ ´χ, then bP “ bλ for λ “ λ “ λ.
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Thank you!
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