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Integrable weight: —w;; ~ log-gamma [Seppalainen 12]
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Integrable weight: f ~ i.i.d. Brownian motion [O'Connell-Yor 02]
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time .
(y.t)

(B Z(t,y)
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Continumm directed polymers

time .
(y.t)

(B(r),7) Z(t’ y)
BN =E [exp (fotf(Tv B(7)) dT)]

(0,0) space H(t’y) = |0g Z(t’y)

Theorem (Nica 21)
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Continumm directed polymers

(B(r),7) Z(t’)/)
"~ - E [exp (f;f(ﬂ B(7)) dT)]

(0,0)

space H(t’y) = |Og Z(t’y)

DH(t,y) =30 H(t,y) + S (B H(t ) +
H(0,y) =logd(y)
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Kardar-Parisi-Zhang equation

OH(t,y) = %ayyH(ta y)+ % (ayH(th))z +¢&
HO,y)= f(y)

Theorem (Baldzs-Quastel-Seppaldinen 11)
Take f(y) = exp(B(y)). Then when t goes to infinity,

Var(H(t,y)) ~ t2/3.

Theorem (Amir-Corwin-Quastel 11)
Take f(y) = logd(y). Then H(t,0) Y23 Tracy-Widom GUE.

Theorem (Quastel-Sarkar 23 and Virdg 20)
For a wide class of inital data f(y), H(t,y) 123 KPZ fixed point.
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Kardar-Parisi-Zhang equation

OHi(t,y) = L8, Hi(t,y) + 1 (8,Hi(t,y)) +¢
Hi(si,y) = fi(y)

i=1,2,....,m

)

Hi(t,y) = log [ exp (H(t,y|si,x) + fi(x)) dx
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Narrow wedge solutions

Sﬁ\z‘ space

(z,s)

Z(t,y|s,x)
=K [exp (fstf(Tv B(7)) dT)]

H(t,y|s,x) =log Z(t,y|s,x)



Kardar-Parisi-Zhang equation

atHi(tay) = %ayyHi(tay)+%(8)/Hi(t7y))2+f
Hi(siay) = f;(.y)

i=1,2,....m

Hi(t,y) = Iog/exp (H(t,y|si,x) + fi(x)) dx.



Kardar-Parisi-Zhang equation

atHi(tay) = %ayyHi(tay)+%(ayHi(tvy))2+f
Hi(siay) = f;(.y)

i=1,2,....m

Hi(t,y) = Iog/exp (H(t,y|si,x) + fi(x)) dx.

Theorem (Alberts-Janjigian-Rassoul-Agha-Seppaldinen 22)

H(t,y|s,x) form a random continuous function.
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Main result: convergence of the KPZ equation

Theorem 1 (W. 23)
H(t,y |s,%) 723 L(t,y | 5,%).
Implication: all initial value problems converge simultaneously!
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Directed landscape

L(t,y]|s,x): the directed landscape

® constructed by Dauvergne-Ortmann-Virag 23
® £(1,0]0,0) is the Tracy-Widom GUE
® £(1,y0,0) + y? is the Airy, process
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Main result: convergence of the KPZ equation

Theorem 1 (W. 23)
H(t,y|s,x) =23 Lty s, x).

® To £(1,0]0,0). [Amir-Corwin-Quastel 11]

® To L(t,y]0,0). [Quastel-Sarkar 23] and [Virdg 20]
Today:

® To L(t,y]|s,x) [W. 23]

Airy sheet: S(x,y) = L(1,y]0,x)
KPZ sheet: HT(x,y) :=H(T,y|0,x)
Theorem 2 (W. 23)

KPZ sheet “23 Airy sheet.
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KPZ line ensemble

Corwin-Hammond 16
xT={xf, &,

Theorem (QS 23, V 20, Dimitrov-Matetski 18, W. 22)

KPZ line ensemble 223 Airy line ensemble.
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Airy line ensemble

Prahofer-Spohn 02

Corwin-Hammond 14

A:{A1>A2>A..}

Dauvergne-Ortmann-Virdg 23
Jim Az, k) 2 (2, )] = Al K) 25 (1, 1)] = S(x,12) = S(x, %)

z = =/ k/(2x)
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Semi-discrete directed polymers

(v, 1)

f(r) =(fa(ta) — falts)) + (f(t3) — (ta))
+ (B(t2) — f(t3)) + (Ai(t) — fi(t2))



Semi-discrete directed polymers

fl(x,4) = (v,1)] = Iog/exp(f(w)) dm



Semi-discrete directed polymers

fl(x,4) 2, (v,1)]=p5"" Iog/exp(ﬂf(ﬂ')) dm
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OY sheet KPZ sheet Airy sheet

KPZ line ensemble

OY line ensemble Airy line ensemble

QY line ensemble = gRSK transform of Brownian motions [O'Connell 12]

Theorem (Corwin-Hammond 16, Nica 21)
OY line ensembles — KPZ line ensemble.



Big picture

1:2:3

QY sheet KPZ sheet ———— & Airy sheet

KPZ line ensemble

OY line ensemble Airy line ensemble

Theorem (Corwin 21)
f={f,f....fa}

Fl(x,n) = (v, 1)] = WF[(x, n) = (y,1)]



Big picture

OY sheet KPZ sheet Airy sheet

) 1:2:3 ) .
KPZ line ensemble —————  Airy line ensemble

OY line ensemble
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Main difficulty

HT(x,y) = XT7(—VnT +x,n) = (v, 1)] + C(T, n)
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Main difficulty

H(x,y) = X[(=VnT +x,n) = (y,1)]
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Truncation

G(z,y) = X[(z, k) = (v, 1)]




Truncation

Fi(x,z) = X[(—VnT 4+ x,n) = (z, k + 1)]




Truncation

exp(H(x,y)) = / exp(Fil(x, 2) + Gilz,))dz

Gr(z,y)

Fy(x, 2)




Busemann functions
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Busemann functions

Jim_ Al(zx, k) = (y2, )] = Al(2x, k) = (y1, 1)] = S(x, y2) — S(x, y1)-
Q
Gk(zk, y2) — G(2k, y1)



Busemann functions
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Busemann functions

kli—>moo A[(Zk7 k) — ()/2, 1)] - A[(Zk7 k) = (yla 1)] = S(va2) - S(val)'

X %
Gk(Zkay2)_Gk(Zkay1) H(XaY2)—H(X7Y1)

Compare Gi(zx, y2) — Gi(zk, y1) and H(x, y2) — H(x, y1)
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Truncation

G(z,y) = X[(z, k) = (v, 1)]




Truncation

Fi(x,z) = X[(—VnT 4+ x,n) = (z, k + 1)]




Truncation

exp(H(x,y)) = / exp(Fil(x, 2) + Gilz,))dz

Gr(z,y)

Fy(x, 2)




Truncation

pk(x, y; dz) = exp(—H(x,y) + Fi(x,z) + Gk(z,y))dz

Gr(z,y)

Fy(x, 2)




Ideas

e Control the difference between H(x,y») — H(x,y1) and
G(z,y2) — Gi(z, y1) by pik.

® Determine py by Fy.

e Compute the limit of Fy.



Busemann functions
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Busemann functions
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Busemann functions

Lemma
For y» > y1,

—Iog/ pk(x, y2; dz') >
H(x, y2) — H(x, 1) — Gk(z, y2) + Gk(z, y1)

> Iog/ pi(x, y1; dz')



Busemann functions

Proof.

exp(H(x, y2) — H(x, 1))



Busemann functions

Proof.

exp(H(x, y2) — H(x, 11))
— / XP(GH(Z', 2) — Gul2's y))slXs 1z 02)



Busemann functions

Proof.

exp(H(x, y2) — H(x, 11))
— / XP(GH(Z', 2) — Gul2's y))slXs 1z 02)

> / exp(Gu(Z y2) — Ge(2', ya) e (x, y1; d2')



Busemann functions

Proof.
exp(H(x, y2) — H(x, 1))
- / exp(GelZ', y2) — Gi(2', ya))aw (. ya: d2')
> [ ep(Gul#', ) = Gl ) nlx, i )

s @ill ) — Gz ) / r{eyiee)



Busemann functions

Lemma
For y» > y1,

—|0g/ (X, ya; dz') >
H(X7y2) - H(Xayl) - Gk(zay2) + Gk(Z,_y]_)

> Iog/ pk(x, y1; dz")



Busemann functions

Lemma
For y» > y1,

—|0g/ (X, y2; dz') >
H(X,_}Q) - H(Xayl) - Gk(zay2) + Gk(Z,_y]_)

> |Og/ (X, y1; dz')

Need to understand ,uk‘
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Determine iy

uk(x,y; dz) is largely determined by Fi(x, z) because Fi(x, z) is very
sensitive in x.
Lemma

Suppose H(x,y) does not depend on x. Then uk(x,y; dz) is a delta
measure at zi. zx solves (OF/0x) (x,zx) = 0.



Determine iy

H(x,y) = Iog/exp(Fk(X,z) + Gk(z,y))dz



Proof.

Determine iy
H(x,y) = Iog/exp(Fk(X,z) + Gk(z,y))dz

OF,
0= [ S0 2nlx.yide)
X



Determine iy

H(x,y) = Iog/exp(Fk(x,z) + Gk(z,y))dz

Proof.
OF,
o:/a—xk(x,z)uk(x,yidz)
OF, 96,
0= aixk(x, Z)T;(Z,y)uk(X’Y? dz)

_/%(X’Z)“k(x’y; dz)/%(zdf)uk(xm; dz) >0



Determine iy

wk(x,y; dz) is largely determined by Fk(x,z) because Fi(x, z) is very
sensitive in x.
Lemma

Suppose H(x,y) does not depend on x. Then uk(x,y; dz) is a delta
measure at zi. zi solves (OF/0x) (x,zx) = 0.



Determine iy

wk(x,y; dz) is largely determined by Fk(x,z) because Fi(x, z) is very
sensitive in x.
Lemma

Suppose H(x,y) does not depend on x. Then uk(x,y; dz) is a delta
measure at zi. zi solves (OF/0x) (x,zx) = 0.

‘ Need to understand Fk‘




Limit of Fj

Fl"(x,2z) = XT"[(—=VnT + x,n) = (2, k +1)]

Lemma

lim F"(x,2) £ XT[(0,k +1) = (x,1)] + T 'zx
n—oo



Limit of Fy

FkT,n(X’ 2) = X7 (—VnT +x,n) = (z,k+1)] + n—k—1 levels

Lemma

lim F"(x,2) £ XT[(0,k +1) = (x,1)] + T 'zx
n—oo



Limit of Fj

FkT’n(XaZ) X7 (—VnT +x,n) = (z,k+1)] + n—k—1 levels
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Limit of Fj

FkT,n(X’ 2) = X7 (—VnT +x,n) = (z,k+1)] + n—k—1 levels

Lemma

lim F"(x,2) £ XT[(0,k +1) = (x, 1)] + T 'zx < k levels
n—oo

Key f={f,h,..., fn}

WH(x,n) = (z,k +1)] = WRN[(z— x,k+ 1) = (z,1)][+Wfii1(2)



Limit of Fj

FkT,n(X’ 2)=XT"(—VnT +x,n) = (z,k+1)] + n—k+1 levels

Lemma

lim F"(x,2) £ XT[(0,k +1) = (x, 1)] + T 'zx < k levels
n—oo

Key f={f,fb,...,f}

(WH[(x,n) = (z, k +1)] = WRA)[(z — x, k + 1) = (z, )]+ Whi11(2)
n—k—1 levels k levels
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Happy birthday Timo!



