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Kardar-Parisi-Zhang equation
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1
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H(0, y) = f (y)

Theorem (Balázs-Quastel-Seppäläinen 11)
Take f (y) = exp(B(y)). Then when t goes to infinity,

Var(H(t, y)) ∼ t2/3.

Theorem (Amir-Corwin-Quastel 11)
Take f (y) = log δ(y). Then H(t, 0) 1:2:3−→ Tracy-Widom GUE.

Theorem (Quastel-Sarkar 23 and Virág 20)
For a wide class of inital data f (y), H(t, y) 1:2:3−→ KPZ fixed point.
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KPZ line ensemble
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1 ,X
T
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X T
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(y) = HT (0, y) = H(T, y | 0, 0)

Corwin-Hammond 16

Theorem (QS 23, V 20, Dimitrov-Matetski 18, W. 22)
KPZ line ensemble

1:2:3−→ Airy line ensemble.
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k/(2x)
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Ideas of proof
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Busemann functions
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Ideas

• Control the difference between H(x , y2)−H(x , y1) and
Gk(z , y2)− Gk(z , y1) by µk .

• Determine µk by Fk .

• Compute the limit of Fk .
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Determine µk

µk(x , y ; dz) is largely determined by Fk(x , z) because Fk(x , z) is very
sensitive in x .

Lemma
Suppose H(x , y) does not depend on x . Then µk(x , y ; dz) is a delta
measure at zk . zk solves (∂Fk/∂x) (x , zk) = 0.



Determine µk

µk(x , y ; dz) is largely determined by Fk(x , z) because Fk(x , z) is very
sensitive in x .

Lemma
Suppose H(x , y) does not depend on x .

Then µk(x , y ; dz) is a delta
measure at zk . zk solves (∂Fk/∂x) (x , zk) = 0.



Determine µk

µk(x , y ; dz) is largely determined by Fk(x , z) because Fk(x , z) is very
sensitive in x .

Lemma
Suppose H(x , y) does not depend on x . Then µk(x , y ; dz) is a delta
measure at zk . zk solves (∂Fk/∂x) (x , zk) = 0.



Determine µk

H(x , y) = log

∫
exp(Fk(x , z) + Gk(z , y))dz

Proof.

0 =

∫
∂Fk

∂x
(x , z)µk(x , y ; dz) (1)

0 =

∫
∂Fk

∂x
(x , z)

∂Gk

∂y
(z , y)µk(x , y ; dz)

−
∫

∂Fk

∂x
(x , z)µk(x , y ; dz)

∫
∂Gk

∂y
(z , y)µk(x , y ; dz) ≥ 0

(2)



Determine µk

H(x , y) = log

∫
exp(Fk(x , z) + Gk(z , y))dz

Proof.

0 =

∫
∂Fk

∂x
(x , z)µk(x , y ; dz) (1)

0 =

∫
∂Fk

∂x
(x , z)

∂Gk

∂y
(z , y)µk(x , y ; dz)

−
∫

∂Fk

∂x
(x , z)µk(x , y ; dz)

∫
∂Gk

∂y
(z , y)µk(x , y ; dz) ≥ 0

(2)



Determine µk

H(x , y) = log

∫
exp(Fk(x , z) + Gk(z , y))dz

Proof.

0 =

∫
∂Fk

∂x
(x , z)µk(x , y ; dz) (1)

0 =

∫
∂Fk

∂x
(x , z)

∂Gk

∂y
(z , y)µk(x , y ; dz)

−
∫

∂Fk

∂x
(x , z)µk(x , y ; dz)

∫
∂Gk

∂y
(z , y)µk(x , y ; dz) ≥ 0

(2)



Determine µk

µk(x , y ; dz) is largely determined by Fk(x , z) because Fk(x , z) is very
sensitive in x .

Lemma
Suppose H(x , y) does not depend on x . Then µk(x , y ; dz) is a delta
measure at zk . zk solves (∂Fk/∂x) (x , zk) = 0.

Need to understand Fk



Determine µk

µk(x , y ; dz) is largely determined by Fk(x , z) because Fk(x , z) is very
sensitive in x .

Lemma
Suppose H(x , y) does not depend on x . Then µk(x , y ; dz) is a delta
measure at zk . zk solves (∂Fk/∂x) (x , zk) = 0.

Need to understand Fk



Limit of Fk

FT ,n
k (x , z) = XT ,n[(−

√
nT + x , n)→ (z , k + 1)] ← n − k + 1 levels

Lemma

lim
n→∞

FT ,n
k (x , z)

d
= XT [(0, k + 1)→ (x , 1)] + T−1zx ← k levels

Key lemma f = {f1, f2, . . . , fn}

(Wf )[(x , n)→ (z , k + 1)] = (WRz f )[(z − x , k + 1)→ (z , 1)]+Wfk+1(z).

n − k − 1 levels k levels
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Happy birthday Timo!


