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Krylov complexity in quantum field
theory and beyond
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APCTP workshop Holography 2022:
quantum matter and spacetime

APCTP Focus] Krylov complexity in quantum field theory and beyond



<

—/

<

—/

<

—/

13talks (6 + 7) /28 ~ 46%

Nick Hunter-Jones: Progress on quantum complexity growth conjectures
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Quantum complexity




Complexity

(Computational) complexity ’ [Computer science] quantifying the difficulty of carrying out a task.

Quantum Computer

: Il!ﬂrm"--’ a1
- == _ - 55 s ‘,}f’;*igi,,

"’s
lii il 3l il .
Input state —> N e output state
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Complexity

(Computational) complexity | [Computer science] quantifying the difficulty of carrying out a task.

(Circuit) complexity |

Quantum Computer| ~ |Quantum Circuit

Minimal:

umber of gates for the transformation from the reference to target state

1Y) = UlYR) = gngn—1-""9291|¥R)

Amb|g|’ry

Universal gate sets = {a,b,c,d,e,f}

ex) G = dbe
. ! v G = ceab
- J H— ¥ G = abefa
X3 D Wy

W, complexity = 3
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Complexity

“Distance” between two satese |

(inner-product) distance: dap = arccos [(B|A)]| (closest) 0 ~ /2 (farthest)
Are these close or far? |0000000000) » |0000000001)
Far in the inner-product sense —
e “easy” or “difficult” transform

However, in some sense they are close |

Need a new distance reflecting this sense: “Complexity distance?”

far in inner-product

near in COIIlplCXlty 1903.12621 Brown and Susskind



Complexity

Complexity of quantum states | New distance in Hilbert space Spread complexity

For given states |¢Y71) = U|YR) ~How hard (minimal number of gates)
from the reference to target state

Complexity of operator (unitary transformation) | New distance in Unitary group

For a given operator U = ¢,g,,—1*-g291 ~ minimum number of gates

I > U

Krylov complexity

Relation between two |

Cl), i) = min {C(U) | ¥ U € O, |uim) = Uluin) }



Quantum Chaos
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Quantum Chaos

What is quantum chaos? ChatGPT

{d'(t), " (0)}p5 = ‘ 6qf'(t) | ~ e

0g’(0) Quantum chaos is a field of physics that studies the behaviorof quantum
—([d'(®), P’ (0)] ). systemsthat are classmallychaotm Classically chaotic systems are those
—([V(©),WO)*)s  ~ eM that exhibit sensmvedependence on initial conditions, meaning small

. changes in the initial conditions lead to vastly dlfferent outcomes over time.
Out-of-time-order correlator

(OTOC)
In quantum mechanics, chaotic behavior can manifest in the statistical

Level spacing statistics
10 . - propertles of the syste 's energy spectrum orin the time evqutlon of its

_-Paisson NOE
1726 spacings

wave functllon The study of‘ quatntu chaos is concerned with
sl | 1 l understanding how the behavior of the system changes as classical chaos is

introduced or increased, and how this behavior can be observed and

measured experimentally.

Random Matrix Theory

Quantum chaos has applications in various fields, including solid-state
Thermalization

(ETH, Quantum device)
Quantum black holes led to new insights into the fundamental nature of quantum mechanics and

physics, quantum computing, and quantum information theory. It has also

Quantum gravity the connections between classmal and quantum physics.

Krylov complexity?



Quantum chaos and complexity

’ Midjourney




Comments on Krylov Complexity in Field Theory

Complexity: how much things are complex

Chaos: how fast things get complex
~ fast increase of complexity

*Circuit complexity is not well-defined

"Krylov complexity” is a well-defined concept
proposed as a diagnose of quantum chaos (which is not-well defined)



Entanglement is not enough!
Black hole interior?

Krylov complexity in conformal field theory
Anatoly Dymarsky (Kentucky U. and Skoltech), Michael Smolkin (Hebrew U.) (Apr 19, 2021)
Published in: Phys.Rev.D 104 (2021) 8, L0O81702 - e-Print: 2104.09514 [hep-th]

r

Complexity: how much things are complex

Chaos: how fast things get complex
~ fast increase of complexity

*Circuit complexity is not well-defined

"Krylov complexity” is a well-defined concept
proposed as a diagnose of quantum chaos (which is not-well defined)
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Aleksey Nikolaevich Krylov (1863 —1945) Physics
Russian naval engineer, applied mathematician
and memoirist.

~ Short Review on Krylov Complexity
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- Operator growth

- Krylov space

- Lanczos coefficient

- Krylov complexity

d'{ - Success in lattice systems
< Towards field theory 1994
- Too good to be true

- How to extract info from the power spectrum

(IR/UV cutoff effect)

Cornelius (Cornel) Lanczos (1893-1974):
a Hungarian-American and later Hungarian-Irish
mathematician and/physicist.




Short Review on Krylov Complexity

Khushboo



The time evolution of an operator O by a time independent Hamiltonian H |

0,0(t) =i [H,0(t)]
Xy o-x _ \~L%Y
Baker-Campbell-Hausdorff (BCH) formula e“"Ye ™~ = Z

n=0

O(t) = '™ 0(0) e~

n!

O(t) = O+ it[H,O] + (;)2[}[, [H,O]] + %—t!)?:[H, [H,[H,O]]] + - --

ex) 1D spin chain ¢ <;> ¢ ¢ O—o—0O—

H=— Z (ZiZis1 + 9X; + hZ;)

t2 't3
Zu(t) = Zu+ itlH, 21) - [H, [H, Z:]] - 57 [H, [H,[H, Z:]]] + ..
[H7 Zl: N}/l
[H, [H, Zl]: "'Yi + Xlzg

[H7 [H7 [Ha Zl]]:

[H7 [Ha [H7 [Ha Zl]]]

~Y1 + Yo Xq + Y14
~X1+Y+ 21+ XaXo+ Y"Yo+ Z12s + X2+
+ Z3Y1 + Y1255 + Z1 Xo X1 + Xo 23X,



The time evolution of an operator O by a time independent Hamiltonian H |

8,0(t) =i [H,O(t)]

0.@) nY
= '™ 0(0) e7*tH Baker-Campbell-Hausdorff (BCH) formula eXYe ™ =)~ Ex

.+ . o)+ G 1, o) G . 1, o
0t)=2% On = £r0(0) L:=I[H,]

ex) 1D spin chain {;) (;) ¢ (t} ’\; {'} {’}_

n!

H=— Z (ZiZis1 + 9X; + hZ;)

Zu(t) = Zy + it[H, Z1] — %[H (H,2:]] — ’; (H,[H,[H,Z:]]] + ...
[H7 Zl N}/l

[H,[H, Z,]] ~Y1 + X125
(4, [H,[H, Z1]]] ~Y1 + Y2 X1 + Y12,
|H,[H,[H, [H, Z1]]]] ~X1i+ Y1+ Z1 + Xa Xo + V1Yo + Z125 + X122+
+ Z3Y1 + Y125Ys + Z1 X0 Xy + X023 X,




The time evolution of an operator O by a time independent Hamiltonian H |

8,0(t) =i [H,O(t)]

0.@) nY
="M O 0) e ttH Baker-Campbell-Hausdorff (BCH) formula eXYe ™ =)~ Ex

0t)=2% On = £r0(0) L:=I[H,]

© The set of operators {0} defines a basis of the so-called Krylov space associated to the operator O
© Regard the operator as a state ® — | ®) in the Hilbert space of operators

n!

Inner product: Wightman inner product |

1
Zg

(A|B) — < BH/2 A, —,BH/ZB> TI‘( ,BH/2AT6—,BH/2B) Zﬂ ZZTI‘(G_ﬂH)

Krylov basis | (On|On) = 6mn  (Lanczos algorithm: Gram—=Schmidt procedure)

Op) = |(§O) = |0(0)) {b,}: Lanczos coefficients
O,) == b71L|Oy) by 1= (é0£|£(’§o)1/2
On) =1b,"|A,) b, = (AnlAn)1/2

An) = £|On—1) — bn—1|0n—2)



The time evolution of an operator O by a time independent Hamiltonian H |

aow —imow | [3lo®)=illo®) jow) - f;z'”son(t)wn) im(t)ﬁ .
Lo =" o] | OF) = 00) “probability amplitudes”
O(t) = Op + 1t [H,O] + (;)2 [H, [H, O]] + %—t!)?:[H, [H,[H, O]]] +
f: Z;?n 0, = LrO(0) L:=[H,-]

© The set of operators {0} defines a basis of the so-called Krylov space associated to the operator O
© Regard the operator as a state ® — | ®) in the Hilbert space of operators

Inner product: Wightman inner product |

1
Zg

(A|B) — < BH/2 A, —,BH/ZB> TI‘( ,BH/2AT6—,BH/2B) Zﬂ ZZTI‘(G_ﬂH)

Krylov basis | (On|On) = 6mn  (Lanczos algorithm: Gram—=Schmidt procedure)

Op) = |(§O) = |0(0)) {b,}: Lanczos coefficients
O,) == b71L|Oy) by 1= (é0£|£(’§o)1/2
On) =1b,"|A,) b, = (AnlAn)1/2

An) = £|On—1) — bn—1|0n—2)



Discrete “Schrodinger equation” |

0.0(t) =1 [H,0(t)] “probability amplitudes” Z lon(t))? =1

o !

0|0(t)) =iL|O®)  |0W) =) eat)|On)  Palt) :=17"(On|O(1))

n=0
/0 by 0 O \
by 0 by O
0 by 0 by ---
= (Onl|L]|O) = 2 ] = bp0m n— bpi10
0 0 b3 0 - nOm,n—1 + Dn+1 m,n+1 o
\ S / . — )
| S @o(t) = bop_1(t) —brp1(t)
d @, (t A K1(t) = t) — t
sz;t( ) bn@n-1(t) = bnp1@n41(t) ©n(0) = 6np  ¥-2(t) =0 = A1 ) buo(t) = baa(t)
a quantum-mechanical particle on a 1- dimensional chain. On(t) = bypn_1(t) — bpi1@ni1(t)
bn = hopping amplitudes
b b b b -+ b, 0.6 -
1 o 2 o 3 o 4 o —_— t=0.5
Yo P1 P2 P3 PYa  *Pp — t=1.0
0.4 —t = 1.5
" ’ t=2.0
Krylov complexity | average position over the chain > §Z§Z
0.2
NI
Ko(t) == (O(t)|n|O(t) an SOSS
0.5 i é llO 5l0 1(I)0 500



Auto-correlation function | C(H) =TIV (1) = o (1) Power spectrum | Y (w)

C(t) := (O(t)|0(0)) = ¢o(t) R T .
_ <ez'(t—iﬂ/Z)Ho’r(O)e—z’(t—z’ﬂ/z)HO(O»ﬁ I1"(7) 22_”[_00 dw e ¥ (w)
= (O'(t —i8/2)0(0))s = TI" (¢) .

(. .. >ﬂ — Tr(e‘ﬁH ca )/’IY(e‘ﬁH)

Moments | Mo,

1 d*"T1 (¢) I e

(0. @]
’I:t)zn 2n pW
v (£) = ( = - bom = — | dww® % (W)
R nZ:O:uQn (2n)! Han =G ™ qgm | 21 J oo
Lanczos coefficients from moments |
B2 b2 = det (... . Hankel matrix Cay as o a, |
1 n (i )09’7 =n constructed from the moments.
9 4 2,9 a as Un+1
po =01, pg=0y+0byby, ---. Hy =
- L
B M2(Z D Mz({—z) An (Ap ces A2n-1




Lanczos coefficients |

1 o0
Han = 5 dww fY (w)
fW(a)) > Uy
o) =
2n 2
1 Joo d —ia)th( ) b] | b’" N
E— w e 4)]
2 ) _ det (.Uz'+j)ogi,j§n
v v
C() =TT (1) = (1) b,
K-complexity l
=0

@o(t) = bo p_1(t) —brpa(t)
p1(t) = bipo(t) — bapa(t)

Sbn(t) = bn‘Pn—l(t) - bn+180n+1(t)

Nmax

Ko(t) = Y nlea(t)]?, nmax = 200.

n=1



Success in lattice systems



Universal operator growth hypothesis

1812.08657: Parker et al.

b, ~ n’ <— MY(w)~ exp(—|w/w0|1/5)

30
25
20
$15 -

10 -

Universal operator growth hypothesis |

In a chaotic quantum system

Lanczos coefficients {bp} grow as fast as possible

b, ~ an

/D. S. Lubinsky, “A survey of general orthogonal polyno—\
mials for weights on finite and infinite intervals,” Acta
Applicandae Mathematica 10, 237-296 (1987).

A. Magnus, “The recursion method and its applications:
Proceedings of the conference, imperial college, london,
england september 13-14, 1984,” (Springer Science &

\Business Media, 2012) Chap. 2, pp. 22-45. /

/Signatures of chaos in time series generated bh
many-spin systems at high temperatures

Tarek A. Elsayed, Benjamin Hess, and Boris V. Fine
Phys. Rev. E 90, 022910 — Published 20 August 2014

[0

\fW(a)) ~ e @ Is asignature of classical chaos /

\ the slowest possible decay of the power spectrum

||

@) ~ e

Krylov complexity grows exponentially

\ / K@(t) ~ e2at

(fW(a)) ~eTm = b,

~an @ &= K@(t)rvezo‘t>




10 - X

C(t) analytic

n
X
T

Universal operator growth hypothesis | 20

\ the slowest possible decay of the power spectrum

||

In a chaotic quantum system fW(a)) o

Lanczos coefficients {bp} grow as fast as possible

Krylov complexity grows exponentially

b, ~ an

\ / K@(t) ~ e2at

(fW(a)) ~e S & b,~an <=  Kp(t)~ ezo‘t>




Towards Field theory



1

free_l 2 T2 12
Lk —2(5¢) —I—qub

Wightman 2-point function |
/HW(Q}, k) = ! p(wa k) \
% (t,x) = ($(t — i6/2,%)$(0,0))s , sinh|fw/2
HW(w, k) — /dt/dd—lx eiwt—ik-x HW(t, X) p(w, k) — g[a(w _ Ek) _ 5(&) + fk)]1
Power spectrum ’ er = \/|k|2 + m2.
- /
C(t) T 1Y (¢, 0) l

V(W) = / dt C()eit = / dt TV (¢, 0)et = (‘217;);_‘1 % (w, k)

m=0, d=4 |

/W B (w2 _ mz)(d—3)/2 B \ 0

f ((.d) - N(maﬂad) |Si1’lh (;B_w) | @(|Ld| m) fW(w — 'B w

2 7 sinh %‘")
dw w () =

\_ el @) =1 -/ M) ~ e "5 ~ e

Y(w) > Hon > b,

Loy, = % dw wznfw(w) b%n e b727, = det (.Uz'+j)ogz',j§n

—00



2212.14429: Avdoshikin, Dymarsky, Smolkin

Counter eXOImp|e in QFT 2212.14702: Camargo, Jahnke, KYK, Nishida

1 1
L = - (00) + ;m?

Power spectrum (m=0, d=4) |

by,
100 | ' Ay
[ et ] Free theory is chaotic?
80'_ . o -
[ . _
g Lo : 4 I
60 - ,o° ] lr-ercheasoticquentum-system In free QFT
L ° o] d
40 - e® ¢ ] Lanczos coefficients {bn} grow as fast as possible??
[ .® ] .
20- 0" ] b, ~an ~—n

:’,,’ \ 'B /
0L e
n |o|

?(fW(w) ~e G S b ~an <= Ko(t) ~ e2°‘t>




1 1
L = - (00) + ;m?

Power spectrum (m=0, d=4) |

Brw

7 sinh %‘")

¥ (w) =

Blo] || T
fW(a)) ~ e_ 2 A e_ 2a <a — _>

Bbn
805— .®
60:—‘ .®

40- °®

[ N

Wightman 2-point function |

I (1, x) = (9(t — iB/2, x)$(0, 0))p <f _ ?)

Power spectrum | C(t) =TI (¢, 0)

)= [ e M:l / a1 (t,0)¢

\_ M) ~ e ~ e <“=%> Y

2104.09514: Dymarsky, Smolkin

General QFT is chaotice No

(o N

lr-a-cheaetic-quemtum-system In general QFT

Lanczos coefficients {bn} grow as fast as possible!

71'
b, ~an ~—n

\_ g /

?(fW(a)) ~e T = b ~an <= Ko(t) ~ e20‘t>

Too good to be true



Towards Field theory



Counter example:

© Field theory
© Krylov complexity in saddle-dominated scrambling
(2203.03534: Bhattacharjee, Cao, Nandy, Pathak) Too good to be true
7lw| PN
Chaos < @) ~e 2 < b,~an < Kp(t)~ ezo‘t>

Only if by, is a smooth function of n, Otherwise

o]

Chaos (fw(a))"“e_ W = b, fan = Ko(t)Nezo‘t>
? ? ?

C(t) analytic

LT
2cx




Counter example:

© Field theory
© Krylov complexity in saddle-dominated scrambling
(2203.03534: Bhattacharjee, Cao, Nandy, Pathak) Too good to be true
7lw| PN
Chaos < (@) ~e 2 < b,~an < Kp(t)~ ezo‘t>

Only if by, is a smooth function of n, Otherwise

o]

Chaos < (fW(a)) ~ e Za L —— bn on < KO(t) ~ e2at>
? ? ?

Need to investigate these relations further.
How to extract (chaotic) information from the power spectrum?

(@) ¥ @)

,///fw\l\\««“’ L ?\‘\L.‘“

C(t) analytic

LT
2cx




Lanczos coefficients |

1 o0
Han = 5 dww fY (w)
fW(a)) > Uy
o) =
2n 2
1 Joo d —ia)th( ) b] | b’" N
E— w e 4)]
2 ) _ det (.Uz'+j)ogi,j§n
v v
C() =TT (1) = (1) b,
K-complexity l
=0

@o(t) = bo p_1(t) —brpa(t)
p1(t) = bipo(t) — bapa(t)

Sbn(t) = bn‘Pn—l(t) - bn+180n+1(t)

Nmax

Ko(t) = Y nlea(t)]?, nmax = 200.

n=1



1.2 ] | ]
.
S
1 f Rl FX
2a o :’ ey ‘Md
- > ' . .
A A 06 o .
»
\ gdh 04 1
A A
a - 02 i
O 1 1 L L
0 2 4 6 8 10
Y (L/R
(a) A typical trajectory (b) Lyapunov exponent
------ 800

a .q
l‘:iq
: 600

b, 400

200f

0 10 20 30 40 0 10 20 30 40
n n
(a) Stadium billiard (a/R = 1) (b) Circle billiard (a/R = 0)

Unpublished: Camargo, Jahnke, Jeong, KYK, Nishida
2305.16669: Hashimoto, Murata, Tanahashi, Ryota Watanabe

2112.12128: Rabinovici, Sanchez-Garrido, Shirr Sonner



2212.14429: Avdoshikin, Dymarsky, Smolkin
2212.14702: Camargo, Jahnke, KYK, Nishida

Non-trivial mass (IR-cutoff) effect: staggering

Power spectrum | fm > 1

3/2 p(d—2)/2
W(w) = N(m, B,d) e P2 (w2 — m? @32 9(1w| = m N d) = mp
f* (W) ~ N(m, 5, d) ( ) (el =m)  N(m,8,d) = — 5o e — (75 T (&)

2

K, (z) is the modified Bessel function of the second kind
Moments to Lanczos coefficients (d=5) |

~

['(n, z) is the incomplete Gamma function.

. 1 > on rW . 2_26%é 2 2n 2 19 = m,B ~ m,B
Hon = 5 _oodww f (w)_2+mﬂ (B) [—mﬁ I‘(2n+1,7 + 4T 2n—|—3,7

j—1 (5—2)
My Mg

MY = — A with [=3,...,n,
b, =1/ Mz(z) : # bi_, bi_s
Vb M2(?) = W21 ) b_l = b() =1 y MQ(l_l) =0.
n
300 . ltn | g(nt+1)? (nt1)®
mﬂ — 80 _." __-' B2b2 — m2ﬁ2 1+ 4mﬂ + 8 m232 + 12 m3[33 + ; for n odd ,
I.. " n 2 1 2
250 .I... ..-".- 4n7§:;—;2) _I_ 8n(n—;3)é’g’+ ) + Tt fOI' n even y
200
150 o Staggering: two families for even n and odd n
100 oo
. b ~ Qodd ™ + Yodda (0dd n)
50 b’n, ~ aeven n + erven (eVeIl n)
0

0 20 40 60 80 100 7,



2212.14702: Camargo,
Jahnke, KYK, Nishida

Non-trivial mass (IR-cutoff) effect: staggering

br,
300
mf = 80
o 7‘ orpdinn,, f “:(a))
200 _Plo|
‘...l‘ n e 2
150 -... I.- = 00 >
100 ....-.-' ——‘-“_‘_.‘-‘» » X
mﬂ Iso — -,”‘/.‘/ \\.\N- w
oLa® >
0 20 40 60 80 100 n +—>
m
Staggering | b, ~ Codd M + Yoda (0dd m)
br, ~ Oleven ™ + Yeven (€Ven n)
BQ( B(’Yodd — ’Yeven)
3,5_ IIIIIIIIIIIIIIII ] T T T T T T T T T T T T T T T 1
i O Qodd 1007
3.4_‘ A Qgyen 80__
3 3: < " ' :
3k a < — ] i
) < - 60 -
: p : :
32" : 40"
2 @ @ o o g f i
3.1¢ S % 0 0 o g 20
3.0 T T ST ST S 1 0 —
0 20 40 60 80 100 By

(a) Mass-dependence of ayqq and Qeyen (b) Mass-dependence of Y,44 — Yeven



@

@) =

LJOO do e—ia)th(a))

27

C(t) =T1"(0) = (1)
CO(t) = ¢ (t) ="

K-complexity

\4

—00

=0

@o(t) = bo p_1(t) —b1p1(t)
p1(t) = bipo(t) — bapa(t)

an(t) — bn(pn—l(t) _ bn+190n+1(t)

Nmax

Ko(t) = Y _ nlea(t)]®, Amax = 200.

n=1

(t) (cgd) (t) sin(mt) + ¢ (t) cos(m t))

100 1,

bn
» Hop 300
mB = 100
bzn o b2 _ 250
1 . 200 ...,-
det (Hi+j)ocij<n 150
vb 100 _poe™"
n 50
Las
0 20 40 60 80
Ko(t)
100 F————————————————————1y
Ko(t)=(d-2)sinh?(rtt/pB) |

Ko(t) for Bm=0
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Non-trivial mass (IR-cutoff) effect: K-complexity

Lanczos coefficients |

1 oo

Han = o - N dww? % (w) :
Y (w) > Hop 300
. mB = 100 -
7@ = p2n .. B2 — 250 .
1 . 1 n. 200 ..._."
2_,[ do ™" f(@) det ('“i+j)0<z',j<n 150
T)_ =)= o
v v 100] oo
cH = Y0 = g0 O 0
CD(t) = P (1) = D (1) (cgd> (t) sin(mt) + §2(¢) cos(m t)) O 2 40 e s 100 p
K-complexity | Kop(t)

........ Ko(t)=(d-2)sinh?(tt/B)
_____ - Ko(t) for Bm=0

— — — Kp(t) for Bm=10
______ Ko(t) for Bm=50
—— Ko (t) for Bm=100

© Early time: oscillation:
- larger m, shorter period
© Late time: oscillation disappears
- cancelation due to large n
© Exponential increase
- larger m, slower increase
- mass effect
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Condition for staggering
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Condition for staggering
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Condition for staggering
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Condition for staggering

N(wo, Ae %] if |w| < A
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Summary (method)

o Is it possible to extract the chaos-info from a C(t) or the power spectrum?

Lanczos coefficients | 1 [ on e W
Hon = 5 N dw w* f7 (w)
Y(w) > Hop
o) =
Lr’ e b2 .. b2 =
2r)_, det (.Uz'+j)ogi,j§n
v v
Ct) =TY(1) = py(1) by
K-complexity
—_

@o(t) = bo p_1(t) —brpa(t)
p1(t) = bipo(t) — bapa(t)

Sbn(t) = bn‘Pn—l(t) - bn+180n+1(t)

Nmax

Ko(t) = Y nlea(t)]?, nmax = 200.

n=1



[
Summary (Lattice systems)

o Is it possible to extract the chaos-info from a C(t) or a power spectrum?
- Seems to be possible for Lattice systems.

the slowest possible decay of the power spectrum

m|o]

= M) ~ e 2

Krylov complexity grows exponentially

K@(t) ~ e2at

(fW(w) ~e S = by~an <= Ko(t) ~ e2‘”>

Universal operator growth hypothesis |

~

In a chaotic quantum system ~ Subtleties in saddle point
Lanczos coefficients {bn} grow as fast as possible o Subtleties in QFT
b, ~ an

. /




Summary (QFT)
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Summary (QFT)
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Summary (QFT)
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o Is it possible to extract the chaos-info from a C(t) or a power spectrum?
o More scales: compact space, interaction, other spins, open systems etc
o Holographic counterpart?

o State (spread) complexity?

o Observations, conjectures, mathematical justification



