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How should we characterize quantum chaos?
Can complexity measure quantum chaos?



Summary

* |n the stadium billiard system, we find a significant correlation between...

the classical Lyapunov exponent
A

the variance of the Lanczos coefficients the level statistics

0° (T')

* The variance of the Lanczos coefficients can be a measure of quantum chaos.

e Similar results were confirmed for the Sinai billiard.
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Classical Chaos: Lyapunov exponent

Unpredictable complex motion in deterministic nonlinear dynamical systems

e.g.) stadium billiard, Sinai billiard, double pendulum, ...

* Sensitive dependence on initial conditions

 Exponential divergence of trajectories in the phase space:

The Lyapunov exponent A measures chaoticity.

d(0) J_/ d(t)~ exp(t) d(0)

—T\



Quantum chaos: Spectral statistics

For chaotic systems, quantum energy spectra show the same fluctuation as
a random matrix ensemble. [Bohigas, Giannoni, Schmit 1984]

The adjacent energy level spacings: s,, = E,,.1 — E;;, 5. siais bilerd / |

* Wigner-Dyson statistics (chaotic systems)

P(s) = aﬁsﬁe_bﬁsz

ag, bﬁ: constants b = 1(GOE), 2 (GUE), 4 (GSE) [Bohiga‘s, Gia.nnon.i, Schrﬁit 1984]

* Poisson statistics (non-chaotic systems) [Berry, Tabor 1977]

P(s)=e™



Characterization of the spectral statistics

[Oganesyan, Huse 2007] [Atas, Bogomolny, Giraud, Roux 2013]

The average (1) of the ratio of consecutive spacings

~ min(sn, Sn—l)

T, = Ly— — E
n max(sn, Sn—l) ( n n+1 n)

takes the following values depending on the spectral statistics:

2ln2 — 1 =~ 0.38629 Poisson
() 4 — 24/3 ~ 0.53590 GOE
7" —

2¥3 _ 1~ 0.60266 GUE

32v3 1
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Krylov operator complexity

[Parker, Cao, Avdoshkin, Scaffidi, Altman 2018]

The Krylov operator complexity for a Heisenberg operator

= (i)™

O(t) = e'tpe™t = Lro (L=[H, +1,L2=[H,[H, 1],

n!
n=0

is defined as follows:

1. Introduce an inner product in the operator space: (4|B) = Tr(A™B)

2. Lanczos algorithm (next slide): {£"0} > orthonormal basis {0,}, %"
Dy—1
3. Re-expand the Heisenberg operator as 0(t) = Z (", (t) 0,
Do~ 1 n=1

4. Krylov complexity Co(0)= ) nlp, (I

n=1



Lanczos algorithm for operators

[Parker, Cao, Avdoshkin, Scaffidi, Altman 2018]

The Lanczos algorithm (Gram-Schmidt orthogonalization for {£*0})

1. Lethy=0and 01 =0

2. 0y =0/|0]], where [|0]] =+/(0]0)
3. Forn>21:A,=L0,_1—b,_10,_,
4.

5.

Set b, = ||A,||

It b, = 0, stop; otherwise set 0,, = A,,/b,, and go to step 3.

* Qutput: orthonormal basis {0} and Lanczos coefficients {b,}

* @n(t) In O(t) = Z i"p,(t) 0, obeys ¢, =Db,¢n_1 —bpi1Pn+1  (@n(0) = 810l10]])

n



Krylov state complexity

[Balasubramanian, Caputa, Magan, Wu 2022]
The Krylov state complexity (spread complexity) for a Schrodinger state

(lt)”

[P(8)) = e ) = —H[¥)

is defined as follows:

1. Lanczos algorithm (next slide): {H"|y)} — orthonormal basis {|Kn)}D"’_

(There are two kinds of Lanczos coefficients a,,, b,, in this case)
Dl/J_
2. Re-expand the Schrodinger state as |¢(t)) = z Un ()| Kn)
Dl/)_
3. Krylov complexity ¢, (t) = Z n|y,, (t)|?

n=1



Lanczos algorithm for states

[Balasubramanian, Caputa, Magan, Wu 2022]
The Lanczos algorithm (Gram-Schmidt orthogonalization for {H™|y)})

b =0, |[K_{) =0
|Ko) = [¥), ao = (Ko|H|Kp)
Forn=1: |Ay) = (H —ap-1)|Kn-1) = bp-1|Kn-2)

Set by = \/(An|An)

It b, = 0, stop; otherwise set |K,,) = |A,)/b,, and go to step 3.

A S o A o

* Qutput: orthonormal basis {|K»)} and Lanczos coefficients 1an, b}

Dl/)_l

° wn(t) in h/’(t» — Z wn(t)‘Kn> ObeVS il/.)n — anlpn T bn+1l/)n+1 T bnlpn—l (wn(O) — 5n0)
n=0



Lanczos coefficients and chaoticity

For finite-dimensional systems, the Lanczos algorithm must terminate.

For ()perat()rs IN some spin models, [Rabinovici, Sanchez-Garrido, Shir, Sonner 2021, 2022]

* if the system is non-chaotic, the Lanczos coefficient b,, behaves erratically.
* if the system is chaotic, the Lanczos coefficient b,, behaves less erratically.

They measured the magnitude of the erratic behavior of b,, by

g% = Var(x;) = <X2> — (X)Z, x; = In (bzi_.l )

 What about quantum systems that have classical counterparts?

Ayi_
* How about for qguantum states? o2 =Var (X-(“))» Xp o= 1“( : .1)

l

bo:_
of = Var (xi(b)), 1P = ln( ‘L _1)

l
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Krylov complexity in quantum mechanics

A guantum mechanical system with the Hamiltonian

H = pi +p5 +V(x,y)

 We regularize the Hilbert space by considering only a finite number N, Of
levels and ignoring the others.

 Using the energy eigenstates as a basis, represent the operator as a matrix:

0., = {(m|O|n), H|n)=E,|[n) mn=1,, Ny ax

* Perform the Lanczos algorithm and calculate the Krylov complexity.

* For states, complexity can be calculated in the similar way.



Our system: the stadium billiard

Krylov operator/state complexity in the stadium billiard

H = pi +p5 +V(x,y)

* The momentum operator p; with N,,., = 100

1 1

/Nmax” ’ VNmax

* The equally-distributed state ¥ = ( ) with N, = 500



Classical Lyapunov exponent
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Classical/quantum chaos in the stadium billiard

The geometry is characterized by a/R

a/R = 0: non-chaotic

a/R > 0: chaotic

The ratio of consecutive spacings
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Lanczos coefficients

The variance becomes larger in the non-chaotic regime compared to the chaotic regime.

Variances

C

a/R

0% = Var(x;) = (x?) — (x)~, X; =

The Krylov complexity does not grow exponentially.

Krylov operator complexity

Krylov complexity
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Correlation in the stadium billiard

Correlation coefficients

A vs o | -0.720372
(7) vs 0% | -0.391709
Avs (r) | 0.741396

Correlation coefficients between data 4 and B = \/E
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Significant correlations exist among o%, A, and (7).

2

0“ can be a measure of quantum chaos.

Bl(4 - ElA))(B — E|B])]

(A = E[A])?|E[(B — E|B])*]
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The variance becomes larger in the non-chaotic regime
compared to the chaotic regime.

The Krylov complexity does not grow exponentially.

alR

0.1
0.2
— 0.3
— 0.4
— 0.5
0.6
0.7
— 0.8
— 0.9

The peak value of Krylov state complexity depends on a/R.

The peak behavior [Balasubramanian, Caputa, Magan, Wu 2022]
[Erdmenger, Jian, Xian 2023]




Correlation in the stadium billiard
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How about another billiard system?



b, 400+t

2001

Universality: the Sinai billiard

* Again, the variance of Lanczos coefficients becomes larger in
the non-chaotic regime compared to the chaotic regime.

, * The result may be universal for generic quantum mechanics.
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Summary

* |n billiard systems, we find a significant correlation between...

the classical Lyapunov exponent
A

the variance of the Lanczos coefficients the level statistics
0° (7')
* The variance of the Lanczos coefficients can be a measure of quantum chaos.

 Other guantum mechanical systems?

* Holographic interpretation of the Krylov complexity?






Classical/quantum chaos in the Sinai billiard

The geometry is characterized by [ /L
[/L = 0: non-chaotic
[/L = 0: chaotic

The ratio of consecutive spacings
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Krylov operator complexity

Lanczos coefficients Variances Krylov complexity
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The variance becomes larger in the non-chaotic regime compared to the chaotic regime.

The Krylov complexity does not grow exponentially.
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Correlation in the Sinai billiard

A

Correlation coefficients

A\ vs o? | -0.899970
(F) vs 0° | -0.872723
A vs (7) | 0.924828
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A clear correlation exists between g%, A, and (7).

2

0 “ can be a measure of quantum chaos.




Krylov state complexity

Lanczos coefficients Krylov complexity
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Correlation in the Sinai billiard
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The peak value of Krylov state complexity

Stadium billiard
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The peak value of Krylov state complexity

Sinai billiard
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