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Teacher’s Guide for Workbook 8.1

In this unit, students study perfect squares, and square roots of both  
perfect squares and non-perfect squares. Students distinguish between 
perfect squares and non-perfect squares, and estimate square roots of 
non-perfect squares.

Meeting your curriculum
Teachers following the WNCP curriculum who may have postponed  
NS8-4 on prime factorizations will need to do that lesson before doing 
lesson NS8-61. 

Unit 3  Number Sense
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Review how to find the area of a rectangle. Draw a rectangle on the 
board, with grid squares showing its area: 

Remind students that the area of a shape is the amount of space it takes up. 
When the shape is a rectangle, we can measure it exactly by using same-
sized squares as a unit and counting how many squares the rectangle takes 
up. ASK: What is the area of the rectangle I drew? (12 squares)

Have students copy these rectangles onto grid paper and find their areas:

Write the side lengths of the rectangles on the board and ASK: How can 
you find the area of a rectangle from its side lengths? (multiply the side 
lengths together) Emphasize that the number of squares in each row times 
the number of rows is the total number of squares. This means that the 
number of squares along the top times the number of squares along the 
side is the area of the rectangle. Then have students find the area of various 
rectangles (without grid squares showing) that you draw and label on the 
board. EXAMPLES: 2 by 4, 3 by 3, 5 by 6, 1 by 12, 10 by 7, 8 by 9.

Find factors by drawing rectangles. Tell students that a rectangle has 
area 12 squares. ASK: How many squares wide and long could it be? 
Challenge students to find all possible rectangles that have area 12 squares. 
Suggest that they try a width of 1, then a width of 2, then 3, and so on. 
Discuss when students know they can stop. Emphasize that what they are 
really doing is finding pairs of numbers that multiply to 12, so they can stop 
when they get a number that repeats, i.e., a rectangle congruent to one 
they’ve already drawn. 

Have students find all the non-congruent rectangles that have area 18. 
Emphasize that if they go in order of width, they can stop as soon as  

NS8-58  Perfect Squares
Pages 123–124

Goals
Students will identify, compare, and order perfect squares.

PRIOR KNOWLEDGE REQUIRED

Can find the factors of a small number 
Can find the area of a rectangle 
Can multiply up to 9 × 9

Curriculum  
Expectations
Ontario: 7m16, 7m17; 8m1, 
	 8m2, 8m3, 8m25 
WNCP: 8N1, [R, C]

Vocabulary 
factor 
prime number 
perfect square 
squaring a number 
square root 
greater than (>) 
less than (<)

Process Expectation

Organizing data
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Number Sense 8-58

Process Expectation

Visualizing

they find the same rectangle twice (it will be “turned” the second time). 
ASK: What are the factors of 18? (the sides of the rectangles they found: 
1, 2, 3, 6, 9, 18)

Have students do Workbook Question 1. 

Introduce perfect squares. Have students look at their answers to 
Workbook Question 1. ASK: For which numbers is the rectangle a square? 
(4 and 9) What are the side lengths of those squares? (2 and 4) What kinds 
of numbers are the side lengths? (whole numbers) Tell students that any 
number larger than 0 is called a perfect square if you can draw a square 
with whole number side lengths that has an area equal to that number.  
For example, a 1-by-1 rectangle is a square with area 1; 4 is a perfect 
square (2 by 2); 9 is a perfect square (3 by 3). Tell students that you want 
to find the next two perfect squares. Demonstrate trying to make a square 
with each area from 10 to 16 in turn. Then tell students that you think this is 
a lot of work. Sometimes stopping to think about another way to solve the 
problem is faster. SAY: We know the first four perfect squares are 1 × 1 = 1, 
2 × 2 = 4, 3 × 3 = 9, and 4 × 4 = 16. Is there a pattern here that we can 
use to find the next perfect square? What will the next perfect square be? 
(5 × 5 = 25) Have students check this by drawing the 5-by-5 square, then 
have students find all the remaining perfect squares up to 100. Tell students 
that they could do this by checking each number in turn to see if that 
number is a perfect square, but it would take a lot longer. 

0 is a perfect square. Tell students that because 0 = 0 × 0, 
mathematicians include 0 as a perfect square even though there is no 
square having area 0 (although one could argue abstractly that a square 
with side length 0 has area 0).

Have students find all the perfect squares between 0 and 200 using the 
above definition of a perfect square. (0, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 
121, 144, 169, 196)

Review the definition of a prime number. A number is prime if it has 
exactly two factors—1 and itself. The number 1 is not prime because it has 
only one factor. Challenge students to define prime numbers in terms of 
rectangles. (A number larger than 1 is prime if there is only one rectangle 
with whole number side lengths having that area.) 

Eliminating prime numbers as possible perfect squares. Challenge 
students to find all the numbers up to 10 that are not prime and also not 
perfect squares (6, 8, and 10). Challenge students to try to find a number 
less than 10 that is both a prime number and a perfect square (there aren’t 
any). Have students complete a Venn diagram as shown in the margin  
with numbers 1 to 10. 

Which numbers are outside both circles? (6, 8, and 10) Which numbers 
are inside both circles? (none) What does that mean? (there is no number 
from 1 to 10 that is both a prime number and a perfect square) ASK: Can 
any number be both a prime number and a perfect square? (no) Why not? 
(because a prime number has only one rectangle, but a perfect square 

Process Expectation

Visualizing, Representing

Process Expectation

Reflecting on other ways to 
solve a problem, Looking for 
a pattern

Process Expectation

Connecting

Prime 
Number

Perfect 
Square



D-4 Teacher’s Guide for Workbook 8.1

C
O

P
Y

R
IG

H
T

 ©
 2

01
0 

JU
M

P
 M

A
T

H
: 

N
O

T
 T

O
 B

E
 C

O
P

IE
D

larger than 1 has at least two rectangles—a rectangle of length itself and 
width 1, and a square) 

Bonus for Workbook Question 7: Find another way to show that 10 is not 
a perfect square. (A 3-by-3 square has area 9 and a 4-by-4 square has area 
16, so any square with area 10 has side length between 3 and 4, which 
means it is not a whole number.)

Define squaring a number. See the second teaching box on Workbook 
p. 124. 

Perfect squares are numbers. Because perfect squares are numbers, 
we can compare and order them, add and subtract them, multiply and 
divide them. 

Comparing and ordering perfect squares. See Workbook Question 10. 
ASK: Which is larger, the square of 5 (52) or the square of 6 (62)? (62) 
How do you know? (because 6 is greater than 5, so 6 × 6 will be larger 
than 5 × 5) Point out that students do not have to evaluate either 52 or 62 
to compare them. Connect this to the area of squares: A square of side 
length 5 fits into a square of side length 6, and so has smaller area.  
Have students order lists of perfect squares and explain their strategy. 

Then ask students to decide which is larger between a perfect square and 
another whole number. EXAMPLES: 32 or 8 (32 = 9, so 32 is larger), 52 or 32 
(52 = 25, so 32 is larger).

Then have students order lists of numbers, including some perfect squares 
written in square notation. 

Extensions
1.	 Where are the perfect squares on a multiplication table? (the diagonal)

2.	� Any number greater than 1 that is not prime is called composite 
(1 is neither prime nor composite). 

	 a) �Are there more prime numbers less than 5 or more composite 
numbers?  

	 b) �Are there more prime numbers less than 10 or more composite 
numbers?

	 c) �Are there more prime numbers less than 100 or more composite 
numbers? How could you answer the question without checking 
every number? 

	 Solutions: 

	 a) �2 and 3 are prime, and only 4 is composite, so there are more  
prime numbers.

	 b) �2, 3, 5, and 7 are prime, but 4, 6, 8, and 9 are composite, so there 
are the same number of each. 

Process assessment

[8m6, V] 
Workbook Questions 6, 7
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Number Sense 8-58

	 c) �Encourage students to think about the numbers in general instead 
of checking each number separately. No even number except 2 
is prime. Half the numbers from 3 to 100 are even and therefore 
composite. If you also consider that all multiples of prime numbers 
are composite (so all multiples of 5, 7, 11, and so on), clearly there 
are more composite numbers than primes. (In fact, there are 25 
prime numbers less than 100.)

3.	� The French mathematician Pierre de Fermat conjectured that any  
whole number could be written as the sum of 4 perfect squares (0, 1, 4, 
9, 16, 25,…). This was later proven. For Example: 	

	 15 = 9 + 4 + 1 + 1 = 32 + 22 + 12 + 12

	� 13 = 9 + 4 + 0 + 0 = 32 + 22 + 02 + 02   or 

	 13 = 4 + 4 + 4 + 1 = 22 + 22 + 22 + 12

	 Write each number as a sum of 4 perfect squares.

	 a) 19		  b) 30		  c) 42		  d) 75

	 ANSWERS: (Answers may vary; answers below are samples only)

	 a) 16 + 1 + 1 + 1		  b) 25 + 4 + 1 + 0	

	 c) 36 + 4 + 1 + 1 		  d) 64 + 9 + 1 + 1

4. 	� What numbers can be the remainder of a perfect square divided 
by 8? Have students complete the chart below. 

Perfect square 1 4 9 16 25 36 49 64

Remainder when divided by 8 1 4 1 0

Perfect square 81 100 121 144 169 196 225 256

Remainder when divided by 8

	� What pattern do you notice? What numbers can be the remainder of a 
perfect square divided by 8? (0, 1, or 4) If you square an odd number, 
what is always the remainder when dividing by 8? (1)

5. 	 a) �Use the properties of multiplication and addition to rewrite each 
expression.

	 a) 52 + 5 = 5 ×    6        b) 72 + 7 = 7 × _____     c) 82 + 8 = 8 × _____           

	 d) 32 + 3 = 3 × _____     e) 62 + 6 = 6 × _____     f) n2 + n = n × _____     

	 Some students may need to split the problem as follows: 

	 52 + 5	= 5 × 5 + 5
		  = 25 + 5 
		  = 30
		  = 5 × _____

	 b) Investigate: Is n2 + n even or odd? 

Process Expectation

Looking for a pattern
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	 A.	 Fill in the blanks by checking various numbers.

	    	 a) even × even = _______ 		  b) even × odd = _______

         	 c) odd × even = _______		  d) odd × odd = ________

         	 e) even + even = _______		  f) even + odd = _______

         	 g) odd + even = _______		  h) odd + odd = _______

		�  SAMPLE Answer: f) even + odd: 6 + 3 = 9, 4 + 7 = 11, 2 + 1 = 
3, all the answers are odd, so even + odd = odd. 

		�  Challenge students to explain reasons for their results. Example: 
An even number multiplied by any number is (2 × something) 
× (something else) is still a multiple of 2, and so is even. An even 
number plus an odd number: the first part can be grouped in twos, 
the second part has 1 left over, so the total has 1 left over, and  
is odd. 

	 B.	� For which n is n2 even? For which n is n2 odd? Make a chart with 
headings n and n2. What do you notice? (n2 is even when n is even 
and is odd when n is odd) Why does this make sense? (because 
n2 = n × n = odd × odd = odd if n is odd, and n2 = n × n = 
even × even = even if n is even)

	 C.	 Fill in the blanks with “even” or “odd.” 

		  If n is even, n2 + n = ______ + even = _______

		  If n is odd, n2 + n = ______ + odd = _______

	 D.	 Can n2 + n ever be odd? Explain. 

	 E.	� Use n2 + n = n × (n + 1) to get the same result as in part D. 
Answer: The point here is that either n or n + 1 is even, so their 
product is too (see part A of this investigation). 

Bonus   

a) �Explain why 4n2 + 4n is divisible by 8. Answer:  4n2 + 4n = 
4(n2 + n), and 4 times an even number is divisible by 8 because 
4 × (2 × something) = 8 × something. 

b) �Any odd number can be written as 2n + 1 for some whole number n. 
Find n for these odd numbers: 1, 3, 5, 7, 15, 227. ANSWERS: 0, 1, 2, 
3, 7, 113. 

c) �Mathematicians have proven that (2n + 1) × (2n + 1) = 4n2 + 4n + 1 
for any n. Verify this for n = 0, 1, 2, 3, and 4. SAMPLE Answer: For 
n = 4, the expression 2n + 1 = 9, so the left side of the equation is 
9 × 9 = 81. The right side is: 4(16) + 4(4) + 1 = 64 + 16 + 1 = 81. 
Indeed, both sides are equal. 

d) �Use a) and the equation in c) to explain why the square of an odd 
number has remainder 1 when dividing by 8. 

Process Expectation

Generalizing from examples
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Number Sense 8-59

Process Expectation

Using logical reasoning

Review finding all pairs of numbers that multiply to a given number. 
See Workbook Question 1. 

Introduce factor rainbows. Show students how to make a factor rainbow 
by pairing the numbers that multiply to give a number. Use the examples for 
9 and 10 on Workbook p. 125. Point out that sometimes a number is paired 
up with itself; for example, 3 is paired up with 3 to multiply to 9, and we 
draw a loop from 3 to itself to show that. 

A shortcut for making factor rainbows. See Workbook Question 3. 

Why factor rainbows look like rainbows. Notice that factor rainbows look 
like rainbows because no arc overlaps or crosses another. For example, in 
the factor rainbow for 12, all the numbers paired up with a number less than 
3 will be more than 4 (which is paired up with 3). ASK: Why is this the case? 
(if two numbers multiply to the same number as 3 × 4 and one number is 
less than 3, the other number must be more than 4 because if one was less 
than 3 and the other less than 4, then they would multiply together to get a 
number less than 3 × 4)

Tell students that the first six factors of 90 are 1, 2, 3, 5, 6, and 9. ASK: How 
can you use division to finish the factor rainbow for 90? (90 ÷ 9 is the next 
factor, then 90 ÷ 6, 90 ÷ 5, 90 ÷ 3, 90 ÷ 2, and 90 ÷ 1; these are in order 
from smallest to largest because dividing by a smaller number makes a 
larger result)

Finding factors by division. Draw the first part of a factor rainbow for 36, 
using the shortcut learned in Workbook Question 3:

1     2     3     4     6    

SAY: Remember: numbers are paired by what multiplies to 36. ASK: How 
could you find the other factors? Write on the board:

NS8-59  Factors of Perfect Squares
Pages 125–126

Goals
Students will use factor rainbows to explain why perfect squares have  
an odd number of factors. 

PRIOR KNOWLEDGE REQUIRED

Can find, in an organized way, all pairs of numbers that multiply  
	 to a given number 

Materials

grid paper 

Curriculum  
Expectations
Ontario: 7m12; 8m1, 8m2, 
	 8m3, 8m5, 8m6, 8m7,  
	 8m25 
WNCP: 6N3; 8N1, [R, C, CN]

Vocabulary 
factor 
multiple 
odd 
even
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1 × _____ = 36

2 × _____ = 36

3 × _____ = 36

4 × _____ = 36

6 × _____ = 36

ASK: How can you find the numbers to put in the blanks? What operation 
can you use? (division) Write on the board: 

36 ÷ 1 = ______

36 ÷ 2 = ______

36 ÷ 3 = ______

36 ÷ 4 = ______

36 ÷ 6 = ______

ASK: Can 36 have any factors greater than 6 other than the ones we 
find this way? Have two or three volunteers try to explain why not, then 
summarize: If a number more than 6 multiplies with something to give 36, 
that something must be less than 6: 

		  6	 ×	 6	 =	 36

So	 (more than 6) × (6 or more)	= more than 36

But	 (more than 6) × (       ?       )	= 36     

Note that ? must be “less than 6.” If ? was “6 or more,” the product would 
be more than 36, which it isn’t. Since ? = “6 or more” gives something that 
we know isn’t true, ? cannot be equal to “6 or more,” so it must be “less 
than 6.” Students at this age are just beginning to use this type of logical 
reasoning and so may find it difficult. Tell students that this type of logical 
reasoning is used a lot in real life, as for example in court. When someone 
is on trial, jury members assume the person is innocent. If the assumption 
eventually forces them to make a conclusion that they know from other 
evidence isn’t true, then they know the assumption is wrong. 

Now remind students that we already found all the factors that multiply 
with a number less than 6 to make 36, so we won’t find any new factors 
by looking at factors more than 6—we can stop at 6. Now finish the factor 
rainbow for 36. The arc for 6 will actually go back to itself.

Tell students that 20 × 20 = 400. ASK: If a number more than 20 multiplies 
with another number to equal 400, what can you say about the other 
number? Why? Have students find all the factors of 400 and draw the factor 
rainbow. (The factors are 1, 2, 4, 5, 8, 10, 16, 20, 25, 40, 50, 80, 100, 200, 
400) ASK: How do you know that you can stop when you reach 20? Have 
students write an explanation individually in their notebooks. Then students 
can pair up, compare their explanations, and look for ways to improve them 
(or correct them if necessary).

Process Expectation

Using logical reasoning

1     2     3     4       6        9    12   18   36  
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Number Sense 8-59

Process Expectation

Looking for a similar problem 
for ideas

Process Expectation

Connecting

Perfect squares have an odd number of factors. Ask students to define 
even and odd numbers. Challenge them to provide as many different 
definitions as they can. Remind students that one way of defining even 
numbers is this: for any set with an even number of elements, we can pair 
up all the elements. ASK: How do factor rainbows pair up the factors? 
(by pairing each factor with the other factor that it multiplies with to make 
the number you are finding factors of) Does that mean that all numbers 
have an even number of factors? Have students find and circle, on the 
bottom of Workbook p. 125, any numbers that have an odd number of 
factors. Which number is not paired up? Why? (A number is not paired 
up with a different factor if it is paired up with itself; that means this factor 
multiplied by itself gives the number. So any perfect square will have an  
odd number of factors, and any number that has an odd number of factors 
will be a perfect square.) Have students complete Workbook Question 4  
as a review, to consolidate the concept.

Which numbers have exactly 3 factors? Have students do the 
Investigation on Workbook p. 126. 

Ask students to copy the shapes in Figure 1 on cm2 grid paper so that 
each square is one square centimetre. 

Students should cut the pieces out and try to assemble them into a  
single large rectangle. After students have completed the puzzle, have 
them tape or glue the pieces down and set the rectangle aside (they  
will need it later). 

Then ask students to do the same with the shapes in Figure 2.

Let students work for a few minutes, and then ASK: Who is finding this 
puzzle more difficult than the last puzzle? Tell students that you think it 
would be easier if they knew the size of the rectangle they were trying to 
build. Have them look at the smaller, simpler rectangle they built in the 
first puzzle. ASK: What size is that rectangle? (4 by 5) Is there a way you 
could have figured that out before putting the pieces together? Can you 
find the area of the rectangle by just looking at the pieces? (yes) How? 
(by adding the areas of the smaller rectangles) Show this: 2 + 2 + 3 + 
4 + 9 = 20, so the area is 20. (Students can confirm this by counting the 
squares in the completed rectangle.) ASK: What are the factors of 20? 
What are the possible lengths and widths of a rectangle with area 20?  
(2 × 10 or 4 × 5) Why isn’t 2 × 10 possible? (the 3 × 3 square won’t fit) 
Tell students that the small rectangle was easy to build by trial and error, 
but for larger rectangles, it saves time to do the problem mathematically.

Now go back to the second puzzle. Give students time to calculate the 
area of the larger rectangle and determine what the dimensions of that 
rectangle must be. Then ASK: If these rectangles all fit into one larger 
rectangle, what does the area of the larger rectangle need to be? (56) 
What are the possible lengths and widths of the rectangle? (7 × 8, 

ACTIVITY

Figure 1

Figure 2

(12 x 1)
(5 x 3)(3 x 3)

(5 x 2)
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Extension
Imagine you have 100 loonies, all lying heads up. After your partner turns 
the coins over as described below, you get to keep all the coins that are still 
heads up. But first, you have to decide whether or not to turn all the coins 
over (so that they are heads down to start). Once you decide, your partner 
turns over every 2nd coin (so if you turned the coins over they will be heads 
up again). Then your partner turns over every 3rd coin, then every 4th coin, 
and so on, until she turns over the 100th coin. 

Should you start by turning all the coins over or not? Which move will get 
you more money? 

14 × 4, 28 × 2, 56 × 1) Can we eliminate any possibilities? Why? 
(7 × 8 won’t fit the 12 × 1 piece; 28 × 2 won’t fit the 3 × 3 or 5 × 3 
pieces; and 56 × 1 won’t fit the 2 × 5, 3 × 3, or 5 × 3 pieces—only the 
14 × 4 rectangle can fit all the pieces) Have students create the larger 
rectangle from the smaller ones knowing that its dimensions are 14 × 4. 
ASK: Did organizing the information you had save time?

For another challenge, draw rectangles on the board with the following 
dimensions: 4 × 4, 1 × 1, 2 × 3, 5 × 6, and 1 × 7. These have a total 
area of 60, so the possible larger rectangles are 1 × 60, 2 × 30, 4 × 15, 
6 × 10, 12 × 5, and 20 × 3. The rectangles 1 × 60, 2 × 30, 4 × 15, and 
20 × 3 can all be eliminated immediately. It is a bit trickier to eliminate 
the 12 × 5 (it is not possible to fit both the 5 × 6 and 1 × 7 rectangles 
in a 12 × 5 rectangle), but the only possibility is 6 × 10. Once students 
realize this, they can quite easily finish the puzzle.   

Bonus   Draw the following 11 rectangles on grid paper, cut them out, 
and assemble them into one larger rectangle: 

3 × 5	 3 × 4	 3 × 3 	 2 × 4	 2 × 3	 1 × 4

1 × 5 	 1 × 1	 6 × 8 	 2 × 5	 2 × 8

Solution: The total area of the pieces is 135 (135 = 15 + 12 + 9 + 8 + 
6 + 4 + 5 + 1 + 48 + 10 + 16). The factor rainbow for 135 is shown at 
the left. So the possible dimensions of the larger rectangle are 1 × 135, 
3 × 45, 5 × 27, 9 × 15. 

Only the 9 × 15 rectangle will fit the 6 × 8 rectangle. Once students 
determine that the larger rectangle needs to be 9 × 15, it is not hard to 
complete the puzzle.

1     3     5     9   15   27   45  135  
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Number Sense 8-59

Solution: Encourage students to actually try both options with 20 coins 
instead of 100. Suggest to students that they keep track of when—that is,  
in which rounds—specific coins are turned over. Students could record  
their observations in a chart:

Position  
of coin

Other than the 1st round (when you decide whether or  
not to turn over the coins), when is this coin turned over?

1st Never

2nd 2nd round

3rd 3rd round

4th 2nd and 4th rounds

5th 5th round

6th 2nd, 3rd, and 6th rounds

Students should finish the chart up to 20 rows. Then, if students don’t see 
that the numbers in the second column are factors of the numbers in the 
first column, have them make a factor chart to 20 and look for a pattern 
between the two charts:

Number Factors of Number

1 1

2 1, 2

3 1, 3

4 1, 2, 4

5 1, 5

6 1, 2, 3, 6

ASK: Do you notice a pattern between the two charts? (The coins get 
turned over on the rounds that are a factor of that number. So, for example, 
the 10th coin gets turned over on the 2nd, 5th, and 10th rounds, and 
possibly the 1st depending on your choice). 

A coin that starts heads up will remain heads up if it gets turned over an 
even number of times. This will happen if the position number of that coin 
has an even number of factors—including the factor 1 if you turn over all 
the coins to start, and not including the 1 if you don’t. If you turn over all the 
coins to start, you will get all the coins that have an even number of factors 
(coins in positions 2, 3, 5, 6, etc.). If you don’t turn all the coins over to 
start, you will get all the coins that have an odd number of factors (coins in 
position 1, 4, etc.). Are there more numbers with an even number of factors 
or with an odd number of factors? A number will have an odd number  
of factors only if it is a perfect square, and there are only 10 of those from  
1 to 100, so you will get $90 if you turn all the coins over, and only $10  
if you don’t. 

Process Expectation

Solving a simpler problem 
first

Process Expectation

Organizing data
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Define square root. Have students find the number that fits in both boxes: 

a)   36 =  ×  	 b) 16 =  ×  	 c) 49 =  ×  

Discuss strategies. For example, guess, check and revise is a good strategy 
here. Tell students that this problem is the opposite of what they’ve done so 
far—instead of squaring a number by multiplying it by itself, we are starting 
with a perfect square and trying to find what number it is the square of. 
Tell students that what they have done is find the square root of the perfect 
squares above. Write “square root” on the board. 

Evaluating square roots. Have students find the square root of various 
perfect squares. EXAMPLES: 

a)	 The square of 5 is 25, so the square root of 25 is _____.

b)	 The square of 3 is 9, so the square root of 9 is _____.

c)	 The square of ____ is 16, so the square root of 16 is ______.

Tell students that you want to find the square root of 64. Explain that a good 
strategy is to memorize 52 = 25 and compare numbers to it: any number 
less than 25 will have square root less than 5 and any number greater than 
25 will have square root greater than 5. That gives a good starting point for 
guessing and checking. ASK: Is 64 more than 25 or less than 25? (more) 
Will its square root be more than 5 or less than 5? (more) Suggest 7 as  
a good first guess. ASK: What is 7 × 7? (49) So is 7 too low or too high? 
(too low) Guess a higher number next, say 8. What is 8 × 8? (64) 

Using even and odd to eliminate square root possibilities. First review 
the words even and odd. Then ASK: When is a perfect square even? 
Write the numbers from 0 to 10 and beside them their squares. ASK: Which 
numbers have a square that is even? (0, 2, 4, 6, 8, and 10) Which numbers 
have a square that is odd? (1, 3, 5, 7, and 9) Point out that the even 
numbers have a square that is even and the odd numbers have a square 
that is odd. ASK: Is 64 even or odd? (even) Could 7 really have been its 
square root? (no, the square root of an even number is even, but 7 is odd) 
Tell students that this makes it even easier to find square roots. Remove the 
list of square roots from the board. ASK: What is the square root of 81? 

NS8-60  Square Roots of Perfect Squares
Page 127

Goals
Students will identify square roots of perfect squares. Students will  
also compare and order square roots, and will operate on square roots. 

PRIOR KNOWLEDGE REQUIRED

Can find the factors of a small number 
Can find the area of a rectangle 
Can multiply up to 9 × 9

Curriculum  
Expectations
Ontario: 7m16, 7m17; 8m1, 
	 8m2, 8m3, 8m5, 8m25 
WNCP: 8N1, [R, C, CN]

Vocabulary 
prime number 
perfect square 
squaring a number 
square root 
greater than (>) 
less than (<) 
odd  
even

Process Expectation

Guessing, checking and 
revising
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Number Sense 8-60

Will it be even or odd? (odd, because the square of an even number is 
even, and 81 is odd) Is the square root of 81 more than 5 or less than 5? 
(more) How do you know? (because 81 is more than 25) Will the square 
root be more than 10 or less than 10? (less) How do you know? (because 
81 is less than 100) What are the odd numbers between 5 and 10? (7 and 9) 
Try both: 7 × 7 = 49 and 9 × 9 = 81, so 9 is the square root of 81. 

Give students random perfect squares and have them tell you the square 
root. They could answer by holding up the correct number of fingers. 

Introduce the standard notation for square roots, as in the teaching box  
on Workbook p. 127. Then have students find square roots as in Questions 
1 and 2 on that page.

The side length of a square is the square root of the area. Tell students 
that a square has side length 3 cm. ASK: What is the area of the square? 
(9 cm2) What if I know that the area of the square is 9 cm2 but I don’t know 
the side length? How can I find the side length from the area? PROMPT: 
How did you get the 9 from the 3? (3 × 3 = 9) How can you get the 3 back 
from the 9? What number multiplied by itself is 9? (take the square root of 9) 
Explain that if you know the area of a square, you can find its side length  
by taking the square root of the area. Have students find the side lengths  
of squares with these areas:

a) 36 m2		  b) 64 cm2		  c) 81 km2

Compare the notation for area units and the notation for squaring  
a number. Discuss the relationship between the two notations (both involve 
raising the number 2). It makes sense that the notations will be similar 
because the concepts are similar—squaring a number involves finding the 
area of a square. 

Operate on square roots. Tell students that square roots are numbers too, 
so you can operate on them as you do on numbers. You can add, subtract, 
multiply, and divide them. For each expression, have students rewrite the 
expression by evaluating the square roots, and then evaluate the resulting 
expression. 

a) 4 9+          b) 25 1−          c) 16 9×          d) 36 9÷

Evaluate the first example together: 4 9 2 3 5+ = + =

Bonus   Problems that require doing two operations and using the 
order of operations:

a) 64 9 4× −    		  b) 64 9 4× −( )   

c) 64 9 4− ×   		  d) ( )64 9 4− ×   

ANSWERS: a) 22        b) 8        c) 2        d) 10

Comparing and ordering square roots. Since square roots are numbers, 
we can compare them to other numbers and ask which is larger. First 
compare and order square roots and other numbers, as in Workbook 

Process Expectation

Connecting
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Question 4. Then perform operations on square roots and compare the 
results, as in Workbook Question 5. 

Finding the square root from a factor rainbow. Have students look at 
the factor rainbows at the bottom of Workbook p. 125. If students haven’t 
already circled the perfect squares have them do so now. Then ask 
students if they notice anything special about the factor rainbows of perfect 
squares. (there is a number that loops to itself) What number is this?  
(the square root) Tell students that if they see the factor rainbow for a 
perfect square, they can always find the square root of that number by 
looking for the number that loops to itself—this number multiplies with  
itself to give the perfect square.

Extensions
1.	 Evaluate both expressions to determine if they are equal. 

	 a) 9 16+ and ( )9 16+
 	 b) 4 25×  and ( )4 25×

 

	 c) 100 4÷  and 100 4÷   	 d) (82) ÷ (22) and (8 ÷ 2)2

	 e)  (42) × (32) and (4 × 3)2 		  f) (22) + (32) and (2 + 3)2

	 ANSWERS: 

	 a) 3 + 4 = 7 and 25 5= , not equal   

	 b) 2 × 5 = 10 and 100 10= , equal 

	 c) 10 ÷ 2 = 5 and 25 5= , equal  

	 d) 64 ÷ 4 = 16  and 42 = 16, equal	

	 e) 16 × 9 = 144 and 122 = 144, equal  

	 f) 4 + 9 = 13 and 52 = 25, not equal

2.	 Evaluate both sides and fill in the blank with >, <, or =.

	 a) 9 16 9 16+ +_____  	 b) 9 16 9 16× ×_____

	 c) 25 9 25 9− −_____  	 d) 36 9 36 9÷ ÷_____   

	 e) 36 64 36 64+ +_____   	 f) 100 64 100 64× ×_____

	 g) 100 64 100 64− −_____ 	h) 100 64 100 64÷ ÷_____

3.	� A number is a perfect square if its square root is a whole number.  
For each statement below, write “always,” “sometimes,” or “never.”  
If you write sometimes, find an example for yes and an example for no. 

	 a) �You ___________ get a perfect square when you add two perfect 
squares. (sometimes; Example: 32 + 42 = 52 but 22 + 32 = 13, 
which is not a perfect square)
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Number Sense 8-60

	 b) �You ___________ get a perfect square when you multiply two perfect 
squares. (always; the square root of the product is the product of the 
square roots, e.g., (3 × 2)2 = (3 × 2) × (3 × 2) = 3 × 2 × 3 × 2 = 
3 × 3 × 2 × 2 = (3 × 3) × (2 × 2) = 32 × 22)

	 c) �You ___________ get a perfect square when you divide two  
perfect squares. (sometimes; Example: 62 ÷ 22 = 36 ÷ 4 = 9 = 32 
but 52 ÷ 22 = 25/4, which is not even a whole number)

	 d) �You ___________ get a perfect square when you subtract two  
perfect squares. (sometimes; Example: 52 − 32 = 42, but 
42 − 32 = 16 − 9 = 7, which is not a perfect square) 

4. 	 a)	 Use a pattern to find the missing numbers:

		  121 11=

		  12321 111=

		  1234321 1111=

		  123454321=  ________  

		  12345678987654321=  ____________

	 b)	 Do you think the pattern in a) continues to hold? Why or why not?

		�  (It is unclear what the next number under the square root sign 
will be, since the next number after 9 is 10, but 10 is not a single 
digit, so we can’t say that the next digit after 9 will be 10, i.e., we 
can’t write 12345678910987654321 as the next number under 
the square root sign. Indeed, the square of 1 111 111 111 is 
1234567900987654321.)

5. 	 a) 	� Write this statement on the board: All numbers equal to 5 have 
square equal to 25.    

		�  ASK: Is this statement true? (yes) Then have students write the 
reverse statement. (All numbers whose square equals 25 are equal 
to 5.) ASK: Is the reverse true? PROMPT: Is there any other number 
besides 5 whose square is 25? Think about integers or negative 
numbers. (−5) 

	 b) 	� Write this statement on the board: All numbers with square root 5 
are equal to 25. 	

		�  ASK: Is this statement true? (yes) Then have students write the 
reverse statement. (If a number is 25, then its square root is 5.)  
Tell students that this is also a true statement. The negative integer 
−5 is another number whose square is 25, but it is not considered 
to be a square root of 25. Mathematicians have defined square 
roots to be positive. So we can write −5 as − 25 . Have students 
write these numbers in terms of square roots: −3, −7, −10. 
Answers: − − −9 49 100, , .
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Review prime numbers. Remind students that any number is called prime 
if it has exactly two factors—1 and itself. The number 1 is not prime because 
it has only one factor. Have students list the prime numbers up to 20. 

Review finding the prime factorization of numbers. Use a factor tree to 
demonstrate starting the prime factorization of 24 in various ways:

24

2 12

24

3 8

24

4 6

Finish the first one together as a class, then have students individually 
finish the last two. Discuss the similarities and differences in the 
prime factorizations. (They all consist of only 2s and 3s, and even the 
same number of each—three 2s and one 3—but sometimes written in 
different orders.) Explain that this is a property of any number—its prime 
factorization will always consist of the same number of each prime number. 

Checking answers. Tell students that they can check whether they found 
the prime factorization correctly by finding it a different way. Have students 
find the prime factorization of each number in two different ways:

a) 12         b) 18         c) 20         d) 25         e) 30         f) 32         g) 36

Did students get the same answer both ways? 

Review square roots. The square root of a number is the number which, 
when multiplied by itself, gives the original number (Example: the square 
root of 25 is 5, because 5 × 5 = 25).

Finding prime factorizations of perfect squares. Have students find the 
prime factorization of 1764 in two different ways. 

a) Use 1764 = 6 × 294		  b) Use 1764 = 42 × 42

ASK: Which way was easier? Why? Tell students that, if you know the 
square root of a perfect square, finding the prime factorization of the perfect 
square is easy—just find the prime factorization of the square root and 
repeat it! Emphasize that 6 and 294 have different prime factorizations 
whereas 42 and 42 have the same prime factorization, so you only have to 
find one prime factorization. In general, when a number is a perfect square, 
you can reduce your work considerably, especially since the square root is 
usually quite a bit smaller than the number itself. 

NS8-61  Prime Factorizations of Perfect Squares
Pages 128–129

Goals
Students will determine whether a number is a perfect square by  
looking at its prime factorization. 

PRIOR KNOWLEDGE REQUIRED

Can find the prime factorization of a number

Curriculum  
Expectations
Ontario: 8m1, 8m2, 8m3, 
	 8m4, 8m7, 8m25
WNCP: 8N1, [R, PS, T]

Vocabulary 
perfect square 
factor 
prime number 
prime factor 
prime factorization 
square root 
even  
odd

Process Expectation

Reflecting on the 
reasonableness of an answer

Process Expectation

Reflecting on what made  
the problem easy or hard
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Number Sense 8-61

Teach students to find the prime factorizations of perfect squares using 
these steps. 

Step 1: Calculate the square root on a calculator. (Example:
1764 42= ) Teach students to do this on their calculators. Different 

calculators work differently, so be sure you can explain the steps to each 
student. For example, on some models you press the number and then the 
square root sign, or vice versa. Other models don’t have a square root sign 
and instead rely on the 2nd or Inv key along with the “squaring” button. 

Step 2: Find the prime factorization of the square root. Example: 
42 = 2 × 3 × 7.

Step 3: Repeat the prime factorization of the square root to get 
the prime factorization of the original number. Example: 
1764 = 2 × 3 × 7 × 2 × 3 × 7 or, if we write the prime numbers in order, 
1764 = 2 × 2 × 3 × 3 × 7 × 7.

Have students find the prime factorization of these perfect squares using 
the steps above.

a) 144             b) 900             c) 2704             d) 4225             e) 14504	

Patterns in prime factorizations of perfect squares. Have students copy 
and complete the chart below in their notebooks. They should add their 
own perfect squares in the last four rows. They could add perfect squares 
for which they already found the prime factorizations above. 

						    

Perfect square  

2 3 5 7 11 13

1 = (no prime factors) 0 0 0 0 0 0

4 = 2 × 2 2 0 0 0 0 0

9 = 3 × 3

16 = 2 × 2 × 2 × 2

25 = 5 × 5

36 = 2 × 2 × 3 × 3

49 = 7 × 7

64 = 2 × 2 × 2 × 2 × 2 × 2

81 = 3 × 3 × 3 × 3

100 = 2 × 2 × 5 × 5

121 = 11 × 11

144 = 2 × 2 × 2 × 2 × 3 × 3

169 = 13 × 13

196 = 2 × 2 × 7 × 7 

225 = 3 × 3 × 5 × 5

Number of times each prime factor occurs

Process Expectation

Technology
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Process assessment

8m7, [C]  
Workbook p. 129 
Investigation part E

Process assessment

8m1, 8m2, [R, PS]  
Workbook p. 129 Question 6

Process Expectation

Making and investigating 
conjectures

Process Expectation

Technology

Have students formulate a conjecture about how many times each  
prime factor occurs in the prime factorization of a perfect square.  
(The number of times each prime factor occurs is always even.)  
Then have students work through Workbook p. 128 Questions 2–4 and  
the Investigation on p. 129 to investigate their conjecture. Finally, have 
students apply the results of their investigation to determine whether 
numbers are perfect squares. See Workbook p. 129 Question 5. 

Extra practice:

1.	� Is the number a perfect square? Find each prime factorization  
to decide.

	 a) 468           b) 648           c) 2352           d) 3136           e) 99 225

	 ANSWERS: a) no           b) no           c) no           d) yes           e) yes

2.	� Have students evaluate each square root by finding the  
prime factorization first. 

	 a) 225       b) 1225       c) 1764       d) 1089

	 ANSWERS: a) 15           b) 35           c) 42           d) 33

Extensions
1.	� Investigation: Can you tell the ones digit of a perfect square 

from knowing the ones digit of its square root? 

	 a) 	� Review these words and concepts: ones digit, tens digit,  
hundreds digit, and so on.

	 b)	 Calculate the square of all these numbers with ones digit 3. 

		  i) 32 = _________	 ii) 132 = _________	 iii) 232 = _________    

		  iv) 332 = _________	 v) 432 = _________    	vi) 532 = _________	

		  vii) 632 = _________    viii) 732 = _________

	 c)	� Make a conjecture: The square of a number with ones digit 3  
has ones digit _____.

	 d)	 Check your conjecture for these examples using a calculator:

		  i) 24732 = ________________	 ii) 539832 = ________________

		  iii) 709232 = ________________	 iv) 6204332 = ________________

		  v) Your own example: __________2 = _______________________

	 e)	� Complete the chart by squaring some numbers that end in  
each digit.

		

Last digit of number 0 1 2 3 4 5 6 7 8 9

Last digit of square 9
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Number Sense 8-61

		  ANSWERS: 0, 1, 4, 9, 6, 5, 6, 9, 4, 1      

	 f)	� Explain how you can know immediately that 765 095 643 772 843  
is not a perfect square.

2.	� Calculate the squares of 0, 5, 10, 15, and 20. Find the gaps in the 
pattern. Then find the gaps in the gaps. Extend the pattern to determine 
the squares of 25, 30, 35, and 40. 

Squares:	 0 		  25	     	100		  225		  400

Gaps:		  25		  75		  125		  175

Gaps in gaps:		  50		  50		  50 

	� Answer: The gaps in the gaps are always 50. This means that the 
next gap will be 175 + 50 = 225, so the next perfect square after 400 
will be 400 + 225 = 625. We can continue extending the sequence 
this way to get:

	 Squares:	 0		  25		  100		  225		  400		  625		  900		 1225		1600

	 Gaps:		  25		  75		  125		  175		  225		  275		  325		  375

	 Gaps in gaps:			   50		  50		  50		  50		  50		  50		  50

3.	 Use Extension 1 to calculate square roots of perfect squares. 

	 a) 	� A perfect square ends in 4.  
Its square root must end in ____ or ____. (2 or 8) 

	 b) 	� A perfect square ends in 1.  
Its square root must end in ____ or ____. (1 or 9)

	 c) 	� A perfect square ends in 9.  
Its square root must end in ____ or ____. (3 or 7) 

	 d) 	� A perfect square ends in 6.  
Its square root must end in ____ or ____. (4 or 6)

	 e) 	� A perfect square ends in 5.  
Its square root must end in ____. (5) 

	 f)	� A perfect square ends in 0.  
Its square root must end in ____. (0)

	 g)	� If you memorize the squares of 0, 5, 10, 15, 20, 25, 30, 35 and 40 
(or else use Extension 2 to write down the pattern) then you can use 
the above results to calculate the square root of any perfect square 
up to 1600. Here is the pattern of squares:

		  02  = 0 

		  52 = 25 

		  102 = 100 

		  152 = 225
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		  202 = 400

		  252 = 625

		  302 = 900

		  352 = 1225

		  402 = 1600

		�  Tell students that you want to find the square root of 1024. Since  
the ones digit is 4, what can the ones digit of the square root be?  
(2 or 8) Which two multiples of 5 is the square root between?  
(30 and 35) How do you know? (because 1024 is between 900  
and 1225) If the square root is a whole number, what must it be? 
(32; it is the only number between 30 and 35 that has ones digit  
2 or 8) Have students verify this result by squaring 32 on paper.  
Do they get 1024? 

		�  Have students use this method to find the square root of these 
perfect squares, and verify their answers by multiplying and/or by 
using a calculator:

		  i) 256	 ii) 676	 iii) 961	 iv) 529	 v) 784

		  vi) 841	 vii) 289	 viii) 1444	 ix) 441	 x) 1296

		�  Sample solution: viii) 1444 is between 1225 and 1600 so its square 
root must be between 35 and 40. Since the square must end in  
2 or 8, it must be 38. Check:

		        26

		        3 8  
		  ×   3 8 
		
		     3 0 4 
		  1 1 4
		
		  1 4 4 4

		�  Have students decide whether each number is a perfect square  
by determining what its square root must be if it is a perfect square 
and checking. 

		  i) 296           ii) 541           iii) 841	           iv) 284           v) 676

		  ANSWERS: i) no        ii) no        iii) yes, 29        iv) no        v) yes, 26

		�  Sample solution: 296 is between 152 and 202. Its square root 
has ones digit 4 or 6, so its square root must be 16 if it is a perfect 
square. But 162 = 256, not 296, so 296 is not a perfect square.

4.	� Show students how to find the square root of numbers like 2500 and 
4900 from smaller square roots (Example: since the square root of 
25 is 5, the square root of 2500 must be 50). Then ask students to do 
the following exercises.
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Number Sense 8-61

	 a)	� Write two consecutive multiples of 10 that each square root  
lies between:

		  i) 5300  ii) 1231  iii) 6793  iv) 9999  v) 532  vi) 2999   

	 b)	 Find 2304  as follows. 

		  Step 1: Find the two consecutive multiples of 10 that it lies between:

		  40 1600 2304 2500 50= =< <

		�  Step 2: Find the possible ones digits of the square root:

		  2304  ends in ____ or ____.

		�  Step 3: Estimate—is the square root more likely to be closer 
to 40 or to 50? Predict 2304  and then check your answer by 
multiplying. (48) 

	 c)	� Use the method above to estimate the square root of each perfect 
square below. Then check your answer by multiplication. 

		  i) 529  ii) 2401  iii) 441  iv) 1225  v) 2209

		  ANSWERS:  i) 23    ii) 49     iii) 21      iv) 35     v) 47

5.	 a)	� Explain why a perfect square that has ones digit 0 must also have 
tens digit 0.

		�  Solution: If a perfect square has ones digit 0, its square root must 
also have ones digit 0 (see Extension 2). But then its square root 
is a multiple of 10, and the square of a multiple of 10 must also be 
a multiple of 100 (because the square of a multiple of 10 can be 
written as: (? × 10) × (? × 10) = ? × ? × 10 × 10 = ? × ? × 100, 
which is a multiple of 100).

	 b)	� Explain how you can know immediately that 54 376 598 720 is not  
a perfect square. 
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Review finding the square of a whole number. Make the connection to 
area: the square of a whole number is the area of a square with side length 
equal to that number. 

Introduce finding the square of a non-whole number. If your classroom 
floor has square tiles that are not a whole number of centimetres long, ask 
a volunteer to measure the side lengths and then calculate the area of one 
square tile. If you do not have such tiles, use a square made from masking 
tape on the floor instead. Emphasize that we find the area of this square the 
same way we found the area of squares with whole-number side lengths—
by multiplying the side length by itself—and we can talk about “squaring”  
a decimal number just as we can talk about “squaring” a whole number. 

Have students find the square of various decimal numbers by multiplying 
the number by itself: 

a) 0.52 = 0.5 × 0.5 = _______              b) 1.22 = 1.2 × 1.2 = ________

c) 0.92 = _______              d) 0.42 = _______              e) 1.12 = _________

Review finding the square root of a perfect square. Write on the board:

 ×  = 25                  ×  = 81                  ×  = 64  

Tell students to put the same number in both boxes. Then remind students 
that what they have found is called the square root of 25, 81, and 64, and 
emphasize that the square root of a number is the number whose square  
is that number. 

Non-perfect squares can have square roots too. Write on the board: 

 ×  = 13                  ×  = 20                  ×  = 70

ASK: How are these questions the same as those above? (we have to do 
the same thing: put the same number in each box) How are they different? 
(there is no whole number that can fit in both boxes to give the numbers  
13, 20, and 70)

NS8-62  Square Roots of Non-Perfect Squares
Pages 130–131

Goals
Students will find the square of non-whole numbers and the square root 
of non-perfect squares. 

PRIOR KNOWLEDGE REQUIRED

Can find the square of a whole number 
Can find square roots of perfect squares 
Can multiply decimals by decimals 
Can compare and order decimals

Curriculum  
Expectations
Ontario: 8m1, 8m6, 8m7, 
	 8m25
WNCP: 8N2, [R, V, C]

Vocabulary 
perfect square 
square root ( )
non-perfect square 
approximately equal (≈)
squaring a number
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Number Sense 8-62

Tell students that there is a number whose square is 13, but it’s not a whole 
number. Use an analogy: Ask students to share the following amounts  
of money between two people—how much money does each person get? 

a) $10         b) $14         c) $20         d) $15

ASK: How is d) different from a)–c)? (the answer isn’t a whole number) 
Emphasize, though, that there is still a way to share the money evenly. 
Similarly, there is a square with area 13—its side length just isn’t a  
whole number. 

Find the two whole numbers a given square root is between. 
Write on the board the equations shown in the margin.

ASK: I know that the same number goes in both boxes—should that 
number be more than 2 or less than 2? (more) How do you know?  
(because 2 × 2 is only 4, but “box” times “box” is 13, which is more than 
4) Is the number more or less than 3? (more) More or less than 4? (less) 
Emphasize that we have figured out something about the square root  
of 13—it is between 3 and 4. 

Have students determine which two whole numbers the following square 
roots are between. Do part a) together as a class.

a)	 8 8 8× =  is between    2    ×    2    =    4    and    3    ×    3    =    9    

	 so 8  is between    2    and    3   . 

	� Explain this as follows: multiplying this number—point to 8 —by itself 
gets a bigger answer than when you multiply 2 by itself but a smaller 
number than when you multiply 3 by itself, so this number is between  
2 and 3.

b)	 21 21 21× =  is between ____ × ____ = ____ and ____ × ____ = ____

	 so 21  is between ____ and ____. 

c)	 11 11 11× =  is between ____ × ____ = ____ and ____ × ____ = ____ 

	 so 11  is between ____ and ____. 

d)	 18 18 18× =  is between ____ × ____ = ____ and ____ × ____ = ____

	 so 18  is between ____ and ____. 

Have students write the remaining perfect squares to 10 × 10 = 100 and 
then determine which two whole numbers these square roots are between. 

a) 27       b) 60       c) 34       d) 70       e) 42       f) 88
Bonus   150

Show students how to visualize the two perfect squares that a given number 
is between by using layers of squares as in Workbook p. 130 Question 4. 
Show students how this relates to finding the side length of a square.  
Start with the two squares shown in the margin at the top of the next page.

Process Expectation

Organizing data

Process Expectation

Using logical reasoning

Process Expectation

Visualizing, Representing

1 × 1 = 1

2 × 2 = 4

3 × 3 = 9

4 × 4 = 16

5 × 5 = 25

 ×  = 13	
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Process Expectation

Looking for a similar problem 
for ideas

Explain that both of these squares have the same amount shaded; you just 
shaded them in a different way. Because 11 is between 9 and 16, the first  
3 layers are completely shaded, but only a part of the fourth layer is shaded. 
So the side length of the shaded square is between 3 and 4. This means 
that 11  is between 3 and 4. 

Find numbers whose square root is between two given numbers. 
Have students find three numbers whose square root is between 5 and 6. 
(any number more than 25 but less than 36)

Estimating square roots to the nearest whole number. Tell students that 
sometimes a number is really close to a perfect square, so its square root is 
really close to a whole number. 

Have students round to the nearest whole number by finding a perfect 
square close to the number under the square root sign. 

Example: 99 100 10≈ =   

	 a) 10     b) 37     c) 50     d) 15     e) 120     f) 145

	 ANSWERS: a) 3    b) 6    c) 7    d) 4    e) 11    f) 12

Have students evaluate each square root on a calculator and round to the 
nearest whole number. Do they get the same answer both ways?

Remind students that 13  is a number between 3 and 4. Tell students that 
you wonder if it is closer to 3 or to 4. Take students’ predictions. Then ASK: 
How can we tell if a number is closer to 3 or to 4? (a number less than 3.5 is 
closer to 3 and a number more than 3.5 is closer to 4) Write on the board:

 ×  = 13		

ASK: How can we decide if the “box” number is more or less than 3.5? 
PROMPT: How did we tell if it was more or less than 3? (We compared 
13 to 32, so let’s compare 13 to 3.52) 

Note: Ensure that students do not get confused with the notation 3.52. 
We are not squaring 5, but 3.5, so students should not replace this with 
3.25 on the basis that 25 is 52. Actually 3.5 × 3.5 will be larger than 
9 = 3 × 3. Similarly 3.72 does not mean 3.49, but rather means 3.7 × 3.7.

Have students calculate 3.52 = 3.5 × 3.5 = _____. (Answer: 12.25) 
ASK: Is 13 more or less than 3.52? (more) Is the square root of 13 more 
or less than 3.5? (more) Explain that the square root of 13 is a number 
between 3 and 4, but is closer to 4 than to 3. This means that, rounded  
to the nearest whole number, 13 4≈ .

Write these questions on the board. 

a) 17 ≈  _____	 b) 18 ≈  _____	 c) 19 ≈  _____	 d) 20 ≈  _____

e) 21≈  _____	 f) 22 ≈  _____	 g) 23 ≈  _____	 h) 24 ≈  _____

Tell students that there is an easy way to find the closest whole number to 
all of these square roots at the same time. ASK: What two numbers will all 
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Number Sense 8-62

these answers be between? (4 and 5) How do you know? (because 42 is 
16 and 52 is 25 and all these numbers are between 16 and 25) If a number 
is between 4 and 5, how can we round it to the nearest whole number?  
(find out if it is more than 4.5 or less than 4.5) What one calculation can we 
do that will tell us exactly which of these eight square roots are more than 
4.5 and which are less than 4.5? (find 4.5 × 4.5) Have students do this: 
4.5 × 4.5 = _____. (Answer: 20.25) So which square roots are closer to 
4 and which are closer to 5? (the first four are closer to 4 and the next four 
are closer to 5) 

Use patterns in square roots to find the nearest whole number. 
Have students copy and complete this table in their notebooks: 

Square Root 1 2 3 4 5 6 7 8
Nearest Whole Number

Square Root 9 10 11 12 13 14 15 16
Nearest Whole Number

When students finish, point their attention to the square roots of numbers 
between 4 and 9. How many of them are closer to 2 and how many 
are closer to 3? Repeat for square roots of numbers between 9 and 16. 
Emphasize that half the numbers are closer to 3 and half are closer to 4. 
Repeat for square roots of numbers between 1 and 4. Is the same thing  
true here? (yes) 

Have students use the pattern to predict which square roots of numbers 
between 81 and 100 are closer to 9 and which are closer to 10. Have them 
check their predictions on a calculator. ASK: How many calculations do 
you have to do to check your prediction?(just one (find 9.5 × 9.5) or two 
(check the square roots of 90 and 91)) Why? (Because all square roots of 
numbers between 81 and 90 will be less than the square root of 90 and so 
will be closer to 9 than the square root of 90 is. Similarly all square roots  
of numbers between 91 and 100 will be closer to 10 than the square root of  
91 is.) Conclude by emphasizing that if a number is closer to 81 than to 
100, then its square root will be closer to 9 than to 10. 

Have students use this pattern to estimate square roots to the nearest 
whole number. See Workbook Question 12. 

Extension
Have students use squaring to prove that their estimate of 19  in 
Workbook Question 2 is indeed correct to one decimal place. In Question 2, 
we concluded that because 19.36 (= 4.4 × 4.4) is closer to 19 than 
18.49 (= 4.3 × 4.3) is, the square root of 19 is probably closer to 4.4 
than to 4.3. Students should check this by squaring 4.35. Indeed,  
4.35 × 4.35 = 18.9225 is less than 19, which means that 19  is more 
than 4.35; it is between 4.35 and 4.4, so indeed 19 4 4≈ . , to one 
decimal place. 

Process Expectation

Looking for a pattern

Process Expectation

Justifying the solution
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Estimating square roots to one decimal place. Tell students that you 
want to round 13  to one decimal place. Remind students that you 
already know that it is more than 3.5, but it should be pretty close to 3.5 
because 3.52 = 12.25 is pretty close to 13. Suggest students try 3.6 next: 
3.6 × 3.6 = _____. (Answer: 12.96) Tell students that this number is even 
closer to 13, so 3.6 is even closer to the square root of 13 than 3.5 was,  
but it is still too small. ASK: Do you think that 3.72 will be more or less than 
13? Which do you think will be closer to 13: 3.62 or 3.72? Why? (probably 
3.6 because you can’t get much closer to 13 than 12.96; also, look how  
much bigger 3.62 was than 3.52, so 3.72 will probably be about that much 
bigger than 3.62) Have students test their prediction by calculating 3.72: 
3.7 × 3.7 = 13.69. Notice that this is not as close to 13 as was 3.62 = 12.96. 
So, 13 3 6≈ . , to one decimal place. 

Checking estimates on a calculator. See Workbook Questions 2 and 3. 

Have students estimate the square root to one decimal place by guessing, 
checking and revising, then check their estimate on a calculator. 

a) 2 ≈     	 b) 14 ≈     	 c) 23 ≈     	 d) 70 ≈

e) 11≈     	 f) 26 ≈     	 g) 84 ≈     	 h) 90 ≈

Estimating square roots using fractions. Show student the pictures 
of the square root of 11 shown in Figure 1 and Figure 2. Point to the square 
in Figure 1. ASK: How many squares are shaded in the last layer? (2) 
How many squares are there in total in the last layer? (7) What fraction of 
the last layer is shaded? (2/7) Now point students’ attention to the square in 
figure 2 and remind students that this square has the same amount shaded 
as the square in Figure 1. ASK: Which fraction of the last layer in this square 
is shaded? (2/7) How do you know? (because the same amount is shaded 
as in the first square) 

Notice that in the second square, almost every square in the last layer has 
the same amount shaded. ASK: What is the only square in the last layer that 
doesn’t have the same amount shaded as every other square in that layer? 
(the bottom right one) Tell students that if we want to estimate how much of 
each square in the last layer is shaded, then we can pretend that all squares 

NS8-63  Estimating Square Roots
Page 132

Goals
Students will estimate square roots using fractions and will check the 
accuracy of their estimates on a calculator.  

PRIOR KNOWLEDGE REQUIRED

Can find square roots of non-perfect squares 
Can multiply decimals by decimals 
Can compare and order decimals

Curriculum  
Expectations
Ontario: 8m1, 8m5, 8m6, 
	 8m7, 8m25
WNCP: 8N2, 
	 [R, ME, T, V, CN, C]

Vocabulary 
perfect square 
non-perfect square 
square root ( )
approximately equal (≈)
squaring a number 
round to [a number of] 
decimal places 
accurate to [a number of] 
decimal places 
estimate

Process Expectation

Guessing, checking and 
revising, Mental Math

Process Expectation

Technology

Figure 1

Figure 2

11
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Number Sense 8-63

in the last layer have the same amount shaded. ASK: What will knowing 
how much of each square in the last layer is shaded tell us? PROMPT: What 
will that tell us about the side length of the square? (how much bigger the 
side length is than 3) What is the side length of a square with area 11 equal 
to? (the square root of 11) Emphasize that if we can estimate how much 
of each square in the last layer is shaded, then we can find an estimate for 
11 ; the side length is 3 plus the extra length, which is 3 plus the amount 

shaded in the first square. But if we pretend that every square in the last 
layer is shaded the same amount—and this is almost true—then we can  
get a good estimate for 11 . 

The squares in Figures 1 and 2 both have 11 square units shaded. The first 
3 layers are shaded completely, and 2/7 of the 4th layer is shaded. In Figure 
2, almost all squares in the 4th layer have the same amount shaded, so 
each square has approximately 2/7 shaded. So 11  is approximately 3 2/7.

Have students calculate 3 2/7 = 3 + 2 ÷ 7 on a calculator, and also 
calculate 11  on a calculator. ASK: Do they both round to the same whole 
number? (yes) Do they agree to one decimal place? (yes) Do they agree  
to two decimal places? (no) 

Have students estimate 10 , 12 , 13 , 14 , and 15  using this 
method and then check their estimates on a calculator. To how many 
decimal places does each estimate agree with the actual answer?

When students finish, make the connection to the number line. For 
example, 14 is 5/7 of the way from 9 to 16, so estimate 14  as being 
5/7 of the way from 3 to 4. 

9	 10	 11	 12	 13	 14	 15	 16

3							       4 14  is about here on the 
number line between 3 and 4

Extra practice: 312 = 961 and 322 = 1024. Estimate and then calculate   
1000  to 3 decimal places, then 2 decimal places, then 1 decimal place. 

Estimate: 1000  ≈ 31  ≈ 31. ___ ___ ___ ≈ 31. ___ ___ ≈ 31. ___

Calculate: 1000  ≈ 31. ___ ___ ___ ≈ 31. ___ ___ ≈ 31. ___	

Answer: Estimate: 1000 is 39/63 of the way from 961 to 1024, 
so estimate its square root as 31 39/63 ≈ 31.619 ≈ 31.62 ≈ 31.6. 
Calculate: 31.623 ≈ 31.62 ≈ 31.6

For how many decimal places does your estimate agree with the actual 
square root? (1) For how many decimal places does your estimate round  
to the same number as the actual square root? (2)

Process Expectation

Connecting, Modelling

Process Expectation

Visualizing, Representing
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Introduce the phrase “accurate to.” Tell students that because, when 
rounded, your estimate agrees to 2 decimal places with the actual square 
root, we will say that the estimate is accurate to 2 decimal places. This 
means that if we had estimated 31.626 instead, which would round to  
31.63, our estimate would be accurate to only 1 decimal place, even  
though it is closer to the actual answer. This idea of “accurate to” is only  
an approximate measure of how good the estimate is. (And it is not, in fact, 
the one that mathematicians actually use, which would require more math 
than students are taught at this time.) 

Have students estimate and then calculate each square root, and then 
determine to how many decimal places their estimate is accurate.

a) 21        b) 13        c) 39        d) 69        e) 45        f) 2

Why do square roots round to the square root of the nearest  
perfect square? Recall this result from the last lesson: to estimate the 
square root of a number to the nearest whole number, find the perfect 
square that is nearest to the number and take its square root. This seemed 
to work in all cases we tried. Why might this be the case? Because the 
estimate is less than halfway to the next number for numbers that are  
less than halfway to the next perfect square and the estimate is more than 
halfway to the next number for numbers that are more than halfway to the 
next perfect square. So these results agree. 

Extensions 
1.	� Have students look at their estimates from the lesson. ASK: How do 

your estimates compare to the actual square roots?

	  Always higher        Always lower        �Sometimes higher 
and sometimes lower

	� Have students check whether the same is true for other square roots 
of their choice. What do they notice? (their estimate is always lower) 
Tell students that mathematicians have proven that this method of 
estimating square roots always produces an estimate that is too low, 
never too high. 

 2.	� Have students investigate the accuracy of the fractional estimate from 
this lesson. 

	 • �Is the estimate more accurate for numbers that are close to perfect 
squares or far from perfect squares? (Is the estimate of 37  more 
or less accurate than the estimate of 20 ? Is the estimate of 82  
more or less accurate than the estimate of 90 ?) 

	 • �Is the estimate more accurate for numbers that are large or small?  
(Is the estimate of 82  more or less accurate than the estimate 
of 17 ? Is the estimate of 90  more or less accurate than the 
estimate of 20 ?) 

Process assessment

8m2, [R]
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Number Sense 8-63

	� Challenge students to investigate these questions one at a time, in 
an organized way. They should also keep their results from the first 
question in mind when investigating the second. If numbers close to 
perfect squares are estimated more accurately than numbers far from 
perfect squares, they should choose numbers that are equally far from 
perfect squares when comparing large and small numbers. Otherwise, 
comparing the square root of 82 (which is close to the perfect square 
81) to that of 20 (which is far from both 16 and 25) might only show  
the square root of 82 to be estimated more accurately than that of  
20 because of how close 82 is to 81; it might not have anything to do 
with how large 82 is compared to 20! Similarly, we would not want to 
compare the square root of 17 (very close to 16) to the square root of 
90 (far from both 81 and 100). Rather, let’s compare the accuracy of 
our estimates for the square root of 20 and 90. These are both about 
halfway between two perfect squares (16 and 25 or 81 and 100).

	� ANSWERS: Square roots of larger numbers are generally more 
accurately estimated than square roots of smaller numbers. This is  
true because a smaller fraction of the last layer is unequally shaded 
(e.g., 1/21 is smaller than 1/7). Numbers closer to perfect squares  
are generally estimated more accurately than numbers further from 
perfect squares. Square roots of perfect squares, of course, are 
“estimated” perfectly. 

3.	� Recall Eratosthenes’ Sieve from NS8-3. Challenge students to explain 
why checking all prime numbers less than the square root of a number 
is enough to determine if a number is prime. 

	� Solution: If you check all the numbers up to the square root and don’t 
find a factor, then checking numbers greater than the square root won’t 
yield a factor either, because any number greater than the square root 
would have to multiply with a number less than the square root to get 
the original number:

		  (square root)	 ×	 (square root)	 = 	 (the number)

	 so 	 (more than	 × 	 (more than	 = 	 (more than
		  square root)		  square root)		  the number)

	� This means that if (more than square root) × _____ = the number, 
then the number in the blank must be less than the square root. So 
when you find two numbers that multiply to a given number, one of the 
factors is less than the square root and one is more than the square 
root (or else both numbers are the square root). 

4.	� The statement “the square root of a perfect square is the average of  
the set of factors of that perfect square” is true for which average:  
the mean, the median, or the mode? Answer: the median, because it 
is the middle number—half the factors are greater and half are smaller; 
this is clear from a factor rainbow.

connection

Data Management




