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Distributed Learning

• Distributed nodes collected data and communicate with the center.
• Label prediction, parameter estimation, model training,…
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Distributed Learning

• Distributed nodes collected data and communicate with the center.
• Label prediction, parameter estimation, model training,…

• Restricted communication between nodes and center.
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Motivation

• Suppose that the nodes can communicate the with the statistics of the data:
• Observe                       , transmit                 to other nodes for some function f(x).

<latexit sha1_base64="noOzc+GFGdkGnpLwcG4XiEaZtFA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1I1QdOOygn1AE8NkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdOHwttPXDhcM693HtPmDCqtON8WwuLS8srq4W14vrG5ta2vbPbVHEqMWngmMWyHSJFGBWkoalmpJ1IgnjISCscXI381j2RisbiVg8T4nPUEzSiGGkjBfaBF0mEMzfPRO6plAcZvXDzOwGj8kNAjwO75FScMeA8caekBKaoB/aX141xyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPxHzk8MkoXRrE0JTQcq78nMsSVGvLQdHKk+2rWG4n/eZ1UR+d+RkWSaiLwZFGUMqhjOAoFdqkkWLOhIQhLam6FuI9MMNpEVzQhuLMvz5PmScU9rVRvqqXa5TSOAtgHh6AMXHAGauAa1EEDYPAInsEreLOerBfr3fqYtC5Y05k98AfW5w+mdZkp</latexit>
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<latexit sha1_base64="fsTiJoCl3X3JIRQcS7YsofquNUQ=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAILqTMlKIui25cVrAPaIchk8m0oZlkSDLSMtSNv+LGhSJu/Qt3/o3pdBbaeiDh5Jx7ubnHjxlV2ra/rcLK6tr6RnGztLW9s7tX3j9oK5FITFpYMCG7PlKEUU5ammpGurEkKPIZ6fijm5nfeSBSUcHv9SQmboQGnIYUI20kr3w09hx4Dsdezdx9HAitsqexKnbVzgCXiZOTCsjR9Mpf/UDgJCJcY4aU6jl2rN0USU0xI9NSP1EkRniEBqRnKEcRUW6abTCFp0YJYCikOVzDTP3dkaJIqUnkm8oI6aFa9Gbif14v0eGVm1IeJ5pwPB8UJgxqAWdxwIBKgjWbGIKwpOavEA+RRFib0EomBGdx5WXSrlWdi2r9rl5pXOdxFMExOAFnwAGXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeWnBynsOwR9Ynz8FLpS3</latexit>x1, x2, · · · , xn
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Motivation

• Suppose that the nodes can communicate the with the statistics of the data:
• Observe                       , transmit                 to other nodes for some function f(x).

• Computationally efficient for high-dimensional data.
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Motivation

• Suppose that the nodes can communicate the with the statistics of the data:
• Observe                       , transmit                 to other nodes for some function f(x).

• Computationally efficient for high-dimensional data.
• Communication constraints = Dimensionality constraints of the features.
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Collaborative Distributed Parameter Estimation

Node 1

Decision 
Node

<latexit sha1_base64="JLdz/Ajk4ELaZV3/w3I0fPU2jOg="></latexit>
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<latexit sha1_base64="wTUI+qo05/JCgTB8jW6EiFmwe0w="></latexit>

Xm
…

Node m
<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>

X0

<latexit sha1_base64="8oTEwOTq/0vnDIPYI6dVgYnuhDM="></latexit>

Xi = (x(1)
i , . . . , x(n)

i ), i = 1, . . . ,m,

(x(j)
0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.
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Collaborative Distributed Parameter Estimation

Node 1
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Node
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…
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• Each node i transmit a statistic of its own data to the decision center.
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Collaborative Distributed Parameter Estimation

Node 1
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Node
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⇣
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⌘

• Each node i transmit a statistic of its own data to the decision center.
• The decision node estimate the parameter based on the statistics and its data.
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Collaborative Distributed Parameter Estimation

Node 1
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⇣
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• Each node i transmit a statistic of its own data to the decision center.
• The decision node estimate the parameter based on the statistics and its data.

• What are informative feature functions                       the nodes should extract?
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<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>
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0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.
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Cramér–Rao Lower Bound

• Given                                  , i.i.d. generated from a distribution          
parametrized by             , then for any unbiased estimator 

where            is the Fisher information matrix defined as

and the scaled score function defined as

<latexit sha1_base64="pmVRTOE/FWZunzxaTgyiSGHlpi8=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEqlJKUom6EohuXFewD2hgmk0k7dDIJMxNpKd258VfcuFDErb/gzr9x0mahrQcunDnnXube48WMSmVZ38bS8srq2npuI7+5tb2za+7tN2WUCEwaOGKRaHtIEkY5aSiqGGnHgqDQY6TlDa5Tv/VAhKQRv1OjmDgh6nEaUIyUllzzaHjP4SUsDl27BIdupQS7zI+UhOmLn7pmwSpbU8BFYmekADLUXfOr60c4CQlXmCEpO7YVK2eMhKKYkUm+m0gSIzxAPdLRlKOQSGc8vWMCT7TiwyASuriCU/X3xBiFUo5CT3eGSPXlvJeK/3mdRAUXzpjyOFGE49lHQcKgimAaCvSpIFixkSYIC6p3hbiPBMJKR5fXIdjzJy+SZqVsn5Wrt9VC7SqLIwcOwTEoAhucgxq4AXXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwB52OWzg==</latexit>

xn = (x1, x2, . . . , xn)
<latexit sha1_base64="1U2Z+nJPEBuWa+SEa/M25jsHrvY=">AAAB9HicbVBNS8NAEN34WetX1aOXYBHqpSRSVPBS9OKxgv2ANpTNdtIu3Wzi7qRYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58eCa3Scb2tldW19YzO3ld/e2d3bLxwcNnSUKAZ1FolItXyqQXAJdeQooBUroKEvoOkPb6d+cwRK80g+4DgGL6R9yQPOKBrJq3VbpafrDg4A6Vm3UHTKzgz2MnEzUiQZat3CV6cXsSQEiUxQrduuE6OXUoWcCZjkO4mGmLIh7UPbUElD0F46O3pinxqlZweRMiXRnqm/J1Iaaj0OfdMZUhzoRW8q/ue1EwyuvJTLOEGQbL4oSISNkT1NwO5xBQzF2BDKFDe32mxAFWVocsqbENzFl5dJ47zsXpQr95Vi9SaLI0eOyQkpEZdckiq5IzVSJ4w8kmfySt6skfVivVsf89YVK5s5In9gff4A1vWRgg==</latexit>

PX(x; ✓)
<latexit sha1_base64="G/icy6EVC8Ow/WGFQmiLr5y310I=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSSFGPRS+Clyr2A5pYNtttu3SzCbsToYRc/CtePCji1Z/hzX/jpu1BWx8MPN6bYWZeEAuuwXG+rcLS8srqWnG9tLG5tb1j7+41dZQoyho0EpFqB0QzwSVrAAfB2rFiJAwEawWjq9xvPTKleSTvYRwzPyQDyfucEjBS1z7wYMiAYI9L7IUEhkGQ3mUPN1277FScCfAicWekjGaod+0vrxfRJGQSqCBad1wnBj8lCjgVLCt5iWYxoSMyYB1DJQmZ9tPJAxk+NkoP9yNlSgKeqL8nUhJqPQ4D05nfqOe9XPzP6yTQv/BTLuMEmKTTRf1EYIhwngbuccUoiLEhhCpubsV0SBShYDIrmRDc+ZcXSfO04p5VqrfVcu1yFkcRHaIjdIJcdI5q6BrVUQNRlKFn9IrerCfrxXq3PqatBWs2s4/+wPr8AU5Eljw=</latexit>

✓ 2 RK
<latexit sha1_base64="YEzWMEOca/b2deBdbtSpOyZixCo=">AAACF3icbVA9SwNBEN2LXzF+RS1tFoNgFe4kqFgFbQSbKEYDuRjmNptkyd7esTsnhOP+hY1/xcZCEVvt/DfuxRR+PVj28d4MM/OCWAqDrvvhFGZm5+YXioulpeWV1bXy+saViRLNeJNFMtKtAAyXQvEmCpS8FWsOYSD5dTA6yf3rW66NiNQljmPeCWGgRF8wQCt1y1V/CJj6OOQIGT2iqc9A0lZ2o6gfQmwwyn8cBkF6kd2cdcsVt+pOQP8Sb0oqZIpGt/zu9yKWhFwhk2BM23Nj7KSgUTDJs5KfGB4DG8GAty1VEHLTSSd3ZXTHKj3aj7R9CulE/d6RQmjMOAxsZb6j+e3l4n9eO8H+YScVKk6QK/Y1qJ9Iaq/NQ6I9oTlDObYEmBZ2V8qGoIGhjbJkQ/B+n/yXXO1Vvf1q7bxWqR9P4yiSLbJNdolHDkidnJIGaRJG7sgDeSLPzr3z6Lw4r1+lBWfas0l+wHn7BMann7I=</latexit>
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JX(✓)
<latexit sha1_base64="t3zBZpwtrkB0JlmHENcs0xs1MuA=">AAACM3icbVDJSsRAFOy4O26jHr00DoJehkREvQiiF/GkOBtMxtDpvDiNnYXuF3EI+Scv/ogHQTwo4tV/sGdB3Aoaiqp6vH7lp1JotO0na2x8YnJqema2NDe/sLhUXl5p6CRTHOo8kYlq+UyDFDHUUaCEVqqARb6Epn993PebN6C0SOIa9lLoROwqFqHgDI3klU9Pvdami11AtkUPqItCBpBfFF7rMncRbtEP81pR0K+My4MEv+e+LK9csav2APQvcUakQkY488oPbpDwLIIYuWRatx07xU7OFAouoSi5mYaU8Wt2BW1DYxaB7uSDmwu6YZSAhokyL0Y6UL9P5CzSuhf5Jhkx7OrfXl/8z2tnGO53chGnGULMh4vCTFJMaL9AGggFHGXPEMaVMH+lvMsU42hqLpkSnN8n/yWN7aqzW90536kcHo3qmCFrZJ1sEofskUNyQs5InXByRx7JC3m17q1n6816H0bHrNHMKvkB6+MTmRCqUA==</latexit>

JX(✓) = S̃T
X(✓) · S̃X(✓)

<latexit sha1_base64="CA0RYRWAQbZvbaDAMTgiuhZJoHk="></latexit>h
S̃X(✓)

i

x,`
=

p
PX(x; ✓) · @

@✓`
logPX(x; ✓) =

p
PX(x; ✓) ·

@
@✓`

PX(x; ✓)

PX(x; ✓)
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Maximal Likelihood Estimator

• The maximal likelihood estimator (MLE) to estimate the parameter is 
defined as

• Depend only on the empirical distribution → sufficient statistic.

<latexit sha1_base64="U9/j1pxqWEovsfVDVy2N/1sVF0M="></latexit>

✓̂MLE(x
n) = argmax

✓

1

n

nX

i=1

logPX(xi; ✓) = argmax
✓

EP̂X
[logPX(X; ✓)]



6

Maximal Likelihood Estimator

• The maximal likelihood estimator (MLE) to estimate the parameter is 
defined as

• Depend only on the empirical distribution → sufficient statistic.

• The asymptotic normality of the MLE:

• The MLE asymptotically achieves the Cramér–Rao lower bound.

<latexit sha1_base64="MnWZLpNjqM0W8I/nDmF45RJvzdo="></latexit>p
n ·

⇣
✓̂MLE(x

n)� ✓
⌘

n!1�! N
�
0, J�1

X (✓)
�

<latexit sha1_base64="U9/j1pxqWEovsfVDVy2N/1sVF0M="></latexit>

✓̂MLE(x
n) = argmax

✓

1

n

nX

i=1

logPX(xi; ✓) = argmax
✓

EP̂X
[logPX(X; ✓)]
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The Local Geometric Interpretation

<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="f9huNlFW7I+wiaJui3XRrmjyl+w=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdiVoKJN0MYygnlAEsLs5CYZMvtg5q4kLPkEG3/FxkIRW0s7/8bJo9DEAwOHc+7lzjleJIVGx/m2UkvLK6tr6fXMxubW9o69u1fRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr38z9qsPoLQIg3scRtD0WTcQHcEZGqllH5datdzgqoE9QHZySRsIA0xQxUDb5roSXjweHLXsrJN3JqCLxJ2RLJmh1LK/Gu2Qxz4EyCXTuu46ETYTplBwCaNMI9YQMd5nXagbGjAfdDOZBBrRI6O0aSdU5gVIJ+rvjYT5Wg99z0z6DHt63huL/3n1GDsXzUQEUYwQ8OmhTiwphnTcjsmsgKMcGsK4EuavlPeYYhxNhxlTgjsfeZFUTvPuWb5wV8gWr2d1pMkBOSQ54pJzUiS3pETKhJNH8kxeyZv1ZL1Y79bHdDRlzXb2yR9Ynz/ds50q</latexit>

PX(x; ✓) : true distribution
<latexit sha1_base64="YTuvLyC7Z9Y4HnqF55KbPQ/Tyds=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmlMl00g6dTMLMjVBD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwus799gNTmsfyHsYJ8yMykDzklICRevahB0MGxOMSexGBYRBkd5OeXXGqzhR4kbgFqaACjZ795fVjmkZMAhVE667rJOBnRAGngk3KXqpZQuiIDFjXUEkipv1smn6CT4zSx2GszJOAp+rvjYxEWo+jwEzmCfW8l4v/ed0Uwks/4zJJgUk6OxSmAkOM8ypwnytGQYwNIVRxkxXTIVGEgimsbEpw57+8SFpnVfe8WrutVepXRR0ldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362M2umQVOwfoD6zPH5l/lVU=</latexit>

✓ 2 R
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The Local Geometric Interpretation

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="UljBg6q6hD7xBNctYobrgqvvBFc=">AAACF3icbVC7SgNBFJ31GeMramkzGITYhF0JKtoEbSwjmAckYZmd3E2GzD6YuSsJS/7Cxl+xsVDEVjv/xsmj0MQDA4dz7mXuOV4shUbb/raWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/s3Yrz+A0iIK73EYQztg3VD4gjM0kpsrVtxGYXDVwh4gc+2TS9pCGGCqwAcFIQfaMUco4SXj+ZGby9tFewK6SJwZyZMZKm7uq9WJeBJAiFwyrZuOHWM7ZQoFlzDKthINMeN91oWmoSELQLfTSa4RPTZKh/qRMi9EOlF/b6Qs0HoYeGYyYNjT895Y/M9rJuhftFMRxgmajNOP/ERSjOi4JJNZAUc5NIRxJcytlPeYYhxNlVlTgjMfeZHUTovOWbF0V8qXr2d1ZMghOSIF4pBzUia3pEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AEcGf7g==</latexit>

PX(x; ✓0) : reference distribution

<latexit sha1_base64="f9huNlFW7I+wiaJui3XRrmjyl+w=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdiVoKJN0MYygnlAEsLs5CYZMvtg5q4kLPkEG3/FxkIRW0s7/8bJo9DEAwOHc+7lzjleJIVGx/m2UkvLK6tr6fXMxubW9o69u1fRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr38z9qsPoLQIg3scRtD0WTcQHcEZGqllH5datdzgqoE9QHZySRsIA0xQxUDb5roSXjweHLXsrJN3JqCLxJ2RLJmh1LK/Gu2Qxz4EyCXTuu46ETYTplBwCaNMI9YQMd5nXagbGjAfdDOZBBrRI6O0aSdU5gVIJ+rvjYT5Wg99z0z6DHt63huL/3n1GDsXzUQEUYwQ8OmhTiwphnTcjsmsgKMcGsK4EuavlPeYYhxNhxlTgjsfeZFUTvPuWb5wV8gWr2d1pMkBOSQ54pJzUiS3pETKhJNH8kxeyZv1ZL1Y79bHdDRlzXb2yR9Ynz/ds50q</latexit>

PX(x; ✓) : true distribution
<latexit sha1_base64="YTuvLyC7Z9Y4HnqF55KbPQ/Tyds=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmlMl00g6dTMLMjVBD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwus799gNTmsfyHsYJ8yMykDzklICRevahB0MGxOMSexGBYRBkd5OeXXGqzhR4kbgFqaACjZ795fVjmkZMAhVE667rJOBnRAGngk3KXqpZQuiIDFjXUEkipv1smn6CT4zSx2GszJOAp+rvjYxEWo+jwEzmCfW8l4v/ed0Uwks/4zJJgUk6OxSmAkOM8ypwnytGQYwNIVRxkxXTIVGEgimsbEpw57+8SFpnVfe8WrutVepXRR0ldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362M2umQVOwfoD6zPH5l/lVU=</latexit>

✓ 2 R
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)
<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="UljBg6q6hD7xBNctYobrgqvvBFc=">AAACF3icbVC7SgNBFJ31GeMramkzGITYhF0JKtoEbSwjmAckYZmd3E2GzD6YuSsJS/7Cxl+xsVDEVjv/xsmj0MQDA4dz7mXuOV4shUbb/raWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/s3Yrz+A0iIK73EYQztg3VD4gjM0kpsrVtxGYXDVwh4gc+2TS9pCGGCqwAcFIQfaMUco4SXj+ZGby9tFewK6SJwZyZMZKm7uq9WJeBJAiFwyrZuOHWM7ZQoFlzDKthINMeN91oWmoSELQLfTSa4RPTZKh/qRMi9EOlF/b6Qs0HoYeGYyYNjT895Y/M9rJuhftFMRxgmajNOP/ERSjOi4JJNZAUc5NIRxJcytlPeYYhxNlVlTgjMfeZHUTovOWbF0V8qXr2d1ZMghOSIF4pBzUia3pEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AEcGf7g==</latexit>

PX(x; ✓0) : reference distribution

<latexit sha1_base64="f9huNlFW7I+wiaJui3XRrmjyl+w=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdiVoKJN0MYygnlAEsLs5CYZMvtg5q4kLPkEG3/FxkIRW0s7/8bJo9DEAwOHc+7lzjleJIVGx/m2UkvLK6tr6fXMxubW9o69u1fRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr38z9qsPoLQIg3scRtD0WTcQHcEZGqllH5datdzgqoE9QHZySRsIA0xQxUDb5roSXjweHLXsrJN3JqCLxJ2RLJmh1LK/Gu2Qxz4EyCXTuu46ETYTplBwCaNMI9YQMd5nXagbGjAfdDOZBBrRI6O0aSdU5gVIJ+rvjYT5Wg99z0z6DHt63huL/3n1GDsXzUQEUYwQ8OmhTiwphnTcjsmsgKMcGsK4EuavlPeYYhxNhxlTgjsfeZFUTvPuWb5wV8gWr2d1pMkBOSQ54pJzUiS3pETKhJNH8kxeyZv1ZL1Y79bHdDRlzXb2yR9Ynz/ds50q</latexit>

PX(x; ✓) : true distribution

<latexit sha1_base64="+Qp7yp7m9+GwUUBp8JVG3mHnzYc=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSCIRdiVoGIVtLGMYB6QDWF2cpMMmX0wc1cMS/7Bxl+xsVDE1sbOv3E22UITDwwczjmXO/d4kRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqPr1G/eg9IiDO5wHEHHZ4NA9AVnaKRu8cQdMkxqk26LXlIX4QET8COhTEDSntmvhBen0UmhWyzZZXsKukicjJRIhlq3+OX2Qh77ECCXTOu2Y0fYSZhCwSVMCm6sIWJ8xAbQNjRgPuhOMr1pQo+M0qP9UJkXIJ2qvycS5ms99j2T9BkO9byXiv957Rj7F51EBFGMEPDZon4sKYY0LcgcrYCjHBvCuBLmr5QPmWIcTY1pCc78yYukcVp2zsqV20qpepXVkScH5JAcE4eckyq5ITVSJ5w8kmfySt6sJ+vFerc+ZtGclc3skz+wPn8AZ/6egw==</latexit>

P̂X : empirical distribution

<latexit sha1_base64="YTuvLyC7Z9Y4HnqF55KbPQ/Tyds=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmlMl00g6dTMLMjVBD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwus799gNTmsfyHsYJ8yMykDzklICRevahB0MGxOMSexGBYRBkd5OeXXGqzhR4kbgFqaACjZ795fVjmkZMAhVE667rJOBnRAGngk3KXqpZQuiIDFjXUEkipv1smn6CT4zSx2GszJOAp+rvjYxEWo+jwEzmCfW8l4v/ed0Uwks/4zJJgUk6OxSmAkOM8ypwnytGQYwNIVRxkxXTIVGEgimsbEpw57+8SFpnVfe8WrutVepXRR0ldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362M2umQVOwfoD6zPH5l/lVU=</latexit>

✓ 2 R
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)
<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="UljBg6q6hD7xBNctYobrgqvvBFc=">AAACF3icbVC7SgNBFJ31GeMramkzGITYhF0JKtoEbSwjmAckYZmd3E2GzD6YuSsJS/7Cxl+xsVDEVjv/xsmj0MQDA4dz7mXuOV4shUbb/raWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/s3Yrz+A0iIK73EYQztg3VD4gjM0kpsrVtxGYXDVwh4gc+2TS9pCGGCqwAcFIQfaMUco4SXj+ZGby9tFewK6SJwZyZMZKm7uq9WJeBJAiFwyrZuOHWM7ZQoFlzDKthINMeN91oWmoSELQLfTSa4RPTZKh/qRMi9EOlF/b6Qs0HoYeGYyYNjT895Y/M9rJuhftFMRxgmajNOP/ERSjOi4JJNZAUc5NIRxJcytlPeYYhxNlVlTgjMfeZHUTovOWbF0V8qXr2d1ZMghOSIF4pBzUia3pEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AEcGf7g==</latexit>

PX(x; ✓0) : reference distribution

<latexit sha1_base64="f9huNlFW7I+wiaJui3XRrmjyl+w=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdiVoKJN0MYygnlAEsLs5CYZMvtg5q4kLPkEG3/FxkIRW0s7/8bJo9DEAwOHc+7lzjleJIVGx/m2UkvLK6tr6fXMxubW9o69u1fRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr38z9qsPoLQIg3scRtD0WTcQHcEZGqllH5datdzgqoE9QHZySRsIA0xQxUDb5roSXjweHLXsrJN3JqCLxJ2RLJmh1LK/Gu2Qxz4EyCXTuu46ETYTplBwCaNMI9YQMd5nXagbGjAfdDOZBBrRI6O0aSdU5gVIJ+rvjYT5Wg99z0z6DHt63huL/3n1GDsXzUQEUYwQ8OmhTiwphnTcjsmsgKMcGsK4EuavlPeYYhxNhxlTgjsfeZFUTvPuWb5wV8gWr2d1pMkBOSQ54pJzUiS3pETKhJNH8kxeyZv1ZL1Y79bHdDRlzXb2yR9Ynz/ds50q</latexit>

PX(x; ✓) : true distribution

<latexit sha1_base64="NhG4UKKiP7VG0iIKAuOpoNXMxkU="></latexit>

PX(x; ✓MLE) : estimated distribution

<latexit sha1_base64="+Qp7yp7m9+GwUUBp8JVG3mHnzYc=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSCIRdiVoGIVtLGMYB6QDWF2cpMMmX0wc1cMS/7Bxl+xsVDE1sbOv3E22UITDwwczjmXO/d4kRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqPr1G/eg9IiDO5wHEHHZ4NA9AVnaKRu8cQdMkxqk26LXlIX4QET8COhTEDSntmvhBen0UmhWyzZZXsKukicjJRIhlq3+OX2Qh77ECCXTOu2Y0fYSZhCwSVMCm6sIWJ8xAbQNjRgPuhOMr1pQo+M0qP9UJkXIJ2qvycS5ms99j2T9BkO9byXiv957Rj7F51EBFGMEPDZon4sKYY0LcgcrYCjHBvCuBLmr5QPmWIcTY1pCc78yYukcVp2zsqV20qpepXVkScH5JAcE4eckyq5ITVSJ5w8kmfySt6sJ+vFerc+ZtGclc3skz+wPn8AZ/6egw==</latexit>

P̂X : empirical distribution

<latexit sha1_base64="YTuvLyC7Z9Y4HnqF55KbPQ/Tyds=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmlMl00g6dTMLMjVBD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwus799gNTmsfyHsYJ8yMykDzklICRevahB0MGxOMSexGBYRBkd5OeXXGqzhR4kbgFqaACjZ795fVjmkZMAhVE667rJOBnRAGngk3KXqpZQuiIDFjXUEkipv1smn6CT4zSx2GszJOAp+rvjYxEWo+jwEzmCfW8l4v/ed0Uwks/4zJJgUk6OxSmAkOM8ypwnytGQYwNIVRxkxXTIVGEgimsbEpw57+8SFpnVfe8WrutVepXRR0ldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362M2umQVOwfoD6zPH5l/lVU=</latexit>

✓ 2 R
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)
<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="UljBg6q6hD7xBNctYobrgqvvBFc=">AAACF3icbVC7SgNBFJ31GeMramkzGITYhF0JKtoEbSwjmAckYZmd3E2GzD6YuSsJS/7Cxl+xsVDEVjv/xsmj0MQDA4dz7mXuOV4shUbb/raWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/s3Yrz+A0iIK73EYQztg3VD4gjM0kpsrVtxGYXDVwh4gc+2TS9pCGGCqwAcFIQfaMUco4SXj+ZGby9tFewK6SJwZyZMZKm7uq9WJeBJAiFwyrZuOHWM7ZQoFlzDKthINMeN91oWmoSELQLfTSa4RPTZKh/qRMi9EOlF/b6Qs0HoYeGYyYNjT895Y/M9rJuhftFMRxgmajNOP/ERSjOi4JJNZAUc5NIRxJcytlPeYYhxNlVlTgjMfeZHUTovOWbF0V8qXr2d1ZMghOSIF4pBzUia3pEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AEcGf7g==</latexit>

PX(x; ✓0) : reference distribution

<latexit sha1_base64="f9huNlFW7I+wiaJui3XRrmjyl+w=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdiVoKJN0MYygnlAEsLs5CYZMvtg5q4kLPkEG3/FxkIRW0s7/8bJo9DEAwOHc+7lzjleJIVGx/m2UkvLK6tr6fXMxubW9o69u1fRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr38z9qsPoLQIg3scRtD0WTcQHcEZGqllH5datdzgqoE9QHZySRsIA0xQxUDb5roSXjweHLXsrJN3JqCLxJ2RLJmh1LK/Gu2Qxz4EyCXTuu46ETYTplBwCaNMI9YQMd5nXagbGjAfdDOZBBrRI6O0aSdU5gVIJ+rvjYT5Wg99z0z6DHt63huL/3n1GDsXzUQEUYwQ8OmhTiwphnTcjsmsgKMcGsK4EuavlPeYYhxNhxlTgjsfeZFUTvPuWb5wV8gWr2d1pMkBOSQ54pJzUiS3pETKhJNH8kxeyZv1ZL1Y79bHdDRlzXb2yR9Ynz/ds50q</latexit>

PX(x; ✓) : true distribution

<latexit sha1_base64="NhG4UKKiP7VG0iIKAuOpoNXMxkU="></latexit>

PX(x; ✓MLE) : estimated distribution

<latexit sha1_base64="+Qp7yp7m9+GwUUBp8JVG3mHnzYc=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSCIRdiVoGIVtLGMYB6QDWF2cpMMmX0wc1cMS/7Bxl+xsVDE1sbOv3E22UITDwwczjmXO/d4kRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqPr1G/eg9IiDO5wHEHHZ4NA9AVnaKRu8cQdMkxqk26LXlIX4QET8COhTEDSntmvhBen0UmhWyzZZXsKukicjJRIhlq3+OX2Qh77ECCXTOu2Y0fYSZhCwSVMCm6sIWJ8xAbQNjRgPuhOMr1pQo+M0qP9UJkXIJ2qvycS5ms99j2T9BkO9byXiv957Rj7F51EBFGMEPDZon4sKYY0LcgcrYCjHBvCuBLmr5QPmWIcTY1pCc78yYukcVp2zsqV20qpepXVkScH5JAcE4eckyq5ITVSJ5w8kmfySt6sJ+vFerc+ZtGclc3skz+wPn8AZ/6egw==</latexit>

P̂X : empirical distribution

<latexit sha1_base64="YTuvLyC7Z9Y4HnqF55KbPQ/Tyds=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmlMl00g6dTMLMjVBD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zgkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwus799gNTmsfyHsYJ8yMykDzklICRevahB0MGxOMSexGBYRBkd5OeXXGqzhR4kbgFqaACjZ795fVjmkZMAhVE667rJOBnRAGngk3KXqpZQuiIDFjXUEkipv1smn6CT4zSx2GszJOAp+rvjYxEWo+jwEzmCfW8l4v/ed0Uwks/4zJJgUk6OxSmAkOM8ypwnytGQYwNIVRxkxXTIVGEgimsbEpw57+8SFpnVfe8WrutVepXRR0ldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362M2umQVOwfoD6zPH5l/lVU=</latexit>

✓ 2 R

<latexit sha1_base64="PnP0+GZjbgDcU3NnsR/Qm5S+hw0="></latexit>

One-to-one correspondence between ✓ and PX(x; ✓).
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="mi4Ey1KTGLMgrl+vuHo+6Up1eh8="></latexit>

D(P̂XkPX(x; ✓0)) '
1

2

X

x

⇣ P̂X(x)� PX(x; ✓0)p
PX(x; ✓0)| {z }

�(x)

⌘2
=

1

2
k�k2
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="xXF5moRCHYERUEdNj3LhA2+c5yo="></latexit>

D(P̂XkPX(x; ✓)) ' 1

2

X

x

⇣ P̂X(x)� PX(x; ✓)p
PX(x; ✓)

| {z }
 (x)

⌘2
=

1

2
k k2

<latexit sha1_base64="mi4Ey1KTGLMgrl+vuHo+6Up1eh8="></latexit>

D(P̂XkPX(x; ✓0)) '
1

2

X

x

⇣ P̂X(x)� PX(x; ✓0)p
PX(x; ✓0)| {z }

�(x)

⌘2
=

1

2
k�k2
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="xXF5moRCHYERUEdNj3LhA2+c5yo="></latexit>

D(P̂XkPX(x; ✓)) ' 1

2

X

x

⇣ P̂X(x)� PX(x; ✓)p
PX(x; ✓)

| {z }
 (x)

⌘2
=

1

2
k k2

<latexit sha1_base64="mi4Ey1KTGLMgrl+vuHo+6Up1eh8="></latexit>

D(P̂XkPX(x; ✓0)) '
1

2

X

x

⇣ P̂X(x)� PX(x; ✓0)p
PX(x; ✓0)| {z }

�(x)

⌘2
=

1

2
k�k2

<latexit sha1_base64="M0hlBvECf4SewgX1QNBExBBDg+c="></latexit>

ũ(x) =
PX(x; ✓)� PX(x; ✓0)p

PX(x; ✓0)
'

@
@✓PX(x; ✓0)p
PX(x; ✓0)

· (✓ � ✓0) ) u(x) , ũ(x)

kũ(x)k = J
� 1

2
X (✓0)

@
@✓PX(x; ✓0)p
PX(x; ✓0)

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u
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<latexit sha1_base64="eMog7SVCyyMqyEJHPCH4lmkbIRo="></latexit>

(✓MLE � ✓0) ·
@
@✓PX(x; ✓0)p
PX(x; ✓0)

= h�, ui · u ) ✓MLE = ✓0 + J
� 1

2
X (✓0) · h�, ui

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u
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<latexit sha1_base64="eMog7SVCyyMqyEJHPCH4lmkbIRo="></latexit>

(✓MLE � ✓0) ·
@
@✓PX(x; ✓0)p
PX(x; ✓0)

= h�, ui · u ) ✓MLE = ✓0 + J
� 1

2
X (✓0) · h�, ui

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u

<latexit sha1_base64="DE13dPrqzzmKD6PpP1N5YZ4yEK8="></latexit>

h�, ui = EP̂X

h
J
� 1

2
X (✓0)

@
@✓PX(X; ✓0)

PX(X; ✓0)| {z }
f(X)

i
=

1

n

nX

i=1

f(xi) ) estimate based on the statistic of f
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The Local Geometric Interpretation

<latexit sha1_base64="eMog7SVCyyMqyEJHPCH4lmkbIRo="></latexit>

(✓MLE � ✓0) ·
@
@✓PX(x; ✓0)p
PX(x; ✓0)

= h�, ui · u ) ✓MLE = ✓0 + J
� 1

2
X (✓0) · h�, ui

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u

<latexit sha1_base64="DE13dPrqzzmKD6PpP1N5YZ4yEK8="></latexit>

h�, ui = EP̂X

h
J
� 1

2
X (✓0)

@
@✓PX(X; ✓0)

PX(X; ✓0)| {z }
f(X)

i
=

1

n

nX

i=1

f(xi) ) estimate based on the statistic of f

<latexit sha1_base64="xiMrId9U9xMVRf8rSS6a9OuOJmA="></latexit>

MSE = E
⇥
(✓MLE � ✓)2

⇤
= E

⇣
J
� 1

2
X (✓0) · h , ui

⌘2
�
=

1

n
J�1
X (✓0)
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<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u

<latexit sha1_base64="mILsaGn/fSHdg4HETRzCq0An9qM=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWRLqe2t6MVjC/YD2qVk02kbm80uSbZQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZ50eCa0PIh5PZ2Nza3snu5vb2Dw6P8scnbR3GikGLhSJUXZ9qEFxCy3AjoBspoIEvoONPb1K/MwOleSjvzDwCL6BjyUecUWOl5myQL5AisahUcErcKnEtqdWqpVINu0uLkAJaozHIv/eHIYsDkIYJqnXPJZHxEqoMZwIWuX6sIaJsSsfQs1TSALSXLA9d4AurDPEoVLakwUv1+0RCA63ngW87A2om+reXin95vdiMql7CZRQbkGy1aBQLbEKcfo2HXAEzYm4JZYrbWzGbUEWZsdnkbAhfn+L/SbtUdCvFcrNcqF+v48iiM3SOLpGLrlAd3aIGaiGGAD2gJ/Ts3DuPzovzumrNOOuZU/QDztsnPXONQA==</latexit>v

<latexit sha1_base64="3zQMbwlzEzoOfnG1OjeC8ZAt2HU="></latexit>

Mismatched statistic: ✓̂ = ✓0 + J
� 1

2
X (✓0) · h�, vi



10

The Mismatched Estimator

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u

<latexit sha1_base64="mILsaGn/fSHdg4HETRzCq0An9qM=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWRLqe2t6MVjC/YD2qVk02kbm80uSbZQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZ50eCa0PIh5PZ2Nza3snu5vb2Dw6P8scnbR3GikGLhSJUXZ9qEFxCy3AjoBspoIEvoONPb1K/MwOleSjvzDwCL6BjyUecUWOl5myQL5AisahUcErcKnEtqdWqpVINu0uLkAJaozHIv/eHIYsDkIYJqnXPJZHxEqoMZwIWuX6sIaJsSsfQs1TSALSXLA9d4AurDPEoVLakwUv1+0RCA63ngW87A2om+reXin95vdiMql7CZRQbkGy1aBQLbEKcfo2HXAEzYm4JZYrbWzGbUEWZsdnkbAhfn+L/SbtUdCvFcrNcqF+v48iiM3SOLpGLrlAd3aIGaiGGAD2gJ/Ts3DuPzovzumrNOOuZU/QDztsnPXONQA==</latexit>v

<latexit sha1_base64="3zQMbwlzEzoOfnG1OjeC8ZAt2HU="></latexit>

Mismatched statistic: ✓̂ = ✓0 + J
� 1

2
X (✓0) · h�, vi

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵

<latexit sha1_base64="a3XNBFgExktNUBUWENbhK/7+Jrk="></latexit>

The degraded MSE =
1

n
J�1
X (✓0) ·

1

hu, vi2 =
1

n
J�1
X (✓0) ·

1

cos2 ↵



10

The Mismatched Estimator

<latexit sha1_base64="VbtuP+BPFlrBl239XetfF8ZtHNg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREigpeil48VrAf0Iaw2W7apZtN2J2opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbH+bZyK6tr6xv5zcLW9s7unl3cb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtdTv3XPlOaxvINRwryI9CUPOSVgJN8u1v12+RFf4i4MGBDfOfHtklNxZsDLxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9MFHAq2KTQTTVLCB2SPusYKknEtDeenT7Bx0bp4TBWpiTgmfp7YkwirUdRYDojAgO96E3F/7xOCuGFN+YySYFJOl8UpgJDjKc54B5XjIIYGUKo4uZWTAdEEQomrYIJwV18eZk0TyvuWaV6Wy3VrrI48ugQHaEyctE5qqEbVEcNRNEDekav6M16sl6sd+tj3pqzspkD9AfW5w8sbJKq</latexit>

PX(x; ✓0)
<latexit sha1_base64="fXqKfPbbE0piFW09Mx1s0GEXEgg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiRQUvRS8eK9gPaEPYbDft0s0m7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORjdTv/3AlOaxvIdxwryIDCQPOSVgJN8uNfxO5RFf4R4MGZBT3y47VWcGvEzcnJRRjoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb4BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynKeA+V4yCGBtCqOLmVkyHRBEKJquiCcFdfHmZtM6q7nm1dlcr16/zOAroCB2jCnLRBaqjW9RATURRip7RK3qznqwX6936mLeuWPnMIfoD6/MH/zySBw==</latexit>

PX(x; ✓)
<latexit sha1_base64="uV/rmnGavKULh6u/yMK+ANg3dO4=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbgTUcEmKIKFQgRjArlw7G0mZsneB7tzYjiusfGv2FgoYut/sPPfuIkpNPpg4PHeDDPzgkQKjY7zaU1MTk3PzBbmivMLi0vL9srqtY5TxaHGYxmrRsA0SBFBDQVKaCQKWBhIqAe9k4FfvwWlRRxdYT+BVshuItERnKGRfHuj6je27+gR9bALyPzMQ7jD7OL8NM93fLvklJ0h6F/ijkiJjFD17Q+vHfM0hAi5ZFo3XSfBVsYUCi4hL3qphoTxHruBpqERC0G3suEXOd0ySpt2YmUqQjpUf05kLNS6HwamM2TY1ePeQPzPa6bYOWxlIkpShIh/L+qkkmJMB5HQtlDAUfYNYVwJcyvlXaYYRxNc0YTgjr/8l1zvlt398t7lXqlyPIqjQNbJJtkmLjkgFXJGqqRGOLknj+SZvFgP1pP1ar19t05Yo5k18gvW+xdOMZfX</latexit>

PX(x; ✓MLE)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="qQmQepii02KHOluxNhf3YyeYxOc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj1mPoiCNab/TL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m188JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjM3icDrhg1YmIJUsXtrYSOUCE1NqSSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ACA7kJI=</latexit>PX

<latexit sha1_base64="zFC/DnrQljk8gU9OgimUnQ0fAJ4=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadndxCTegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaiXDYskyL+tV58LBlmlZNadczYhTqzhlbGslQwmt0BwW3wejiCYBhIpyImXftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3HtKtmpVUpNa5WceTRCTpF58hGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJR5ONRg==</latexit>u

<latexit sha1_base64="mILsaGn/fSHdg4HETRzCq0An9qM=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWRLqe2t6MVjC/YD2qVk02kbm80uSbZQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZ50eCa0PIh5PZ2Nza3snu5vb2Dw6P8scnbR3GikGLhSJUXZ9qEFxCy3AjoBspoIEvoONPb1K/MwOleSjvzDwCL6BjyUecUWOl5myQL5AisahUcErcKnEtqdWqpVINu0uLkAJaozHIv/eHIYsDkIYJqnXPJZHxEqoMZwIWuX6sIaJsSsfQs1TSALSXLA9d4AurDPEoVLakwUv1+0RCA63ngW87A2om+reXin95vdiMql7CZRQbkGy1aBQLbEKcfo2HXAEzYm4JZYrbWzGbUEWZsdnkbAhfn+L/SbtUdCvFcrNcqF+v48iiM3SOLpGLrlAd3aIGaiGGAD2gJ/Ts3DuPzovzumrNOOuZU/QDztsnPXONQA==</latexit>v

<latexit sha1_base64="3zQMbwlzEzoOfnG1OjeC8ZAt2HU="></latexit>

Mismatched statistic: ✓̂ = ✓0 + J
� 1

2
X (✓0) · h�, vi

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵

<latexit sha1_base64="a3XNBFgExktNUBUWENbhK/7+Jrk="></latexit>

The degraded MSE =
1

n
J�1
X (✓0) ·

1

hu, vi2 =
1

n
J�1
X (✓0) ·

1

cos2 ↵
<latexit sha1_base64="jcE/7BsfyUdjW00gt8/+hVvC87M="></latexit>

For general ✓ 2 RK , estimate ✓ based on V = [v1 v2 . . . vk]
T,

the degraded MSE =
1

n
tr

⇢⇣
S̃T
X(✓0)V

T
�
V V T

��1
V S̃X(✓0)

⌘�1
�

) Project S̃X(✓0) onto the subspace spanned by V .
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Distributed Scenarios

• When the parameter estimation is based statistics of data in a functional subspace.

• MSE is characterized by the projection of the score function onto the subspace.
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Distributed Scenarios

• When the parameter estimation is based statistics of data in a functional subspace.

• MSE is characterized by the projection of the score function onto the subspace.

• In distributed parameter estimation problems, each node observes part of the data.

• k-dimensional statistics = k-dimensional functional subspaces of data.

• The computable estimators form a functional subspace.

• Challenge: where to get the reference distributions?

• Collaborative distributed parameter estimation.
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The Two Nodes Case

Node 1
Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

<latexit sha1_base64="9huvtqIaPqotXXN6xNP49wzkuB0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxMp6kYounFZxT6gacNkOmmHTiZhZiKWkM9w46+4caGI2+78GydtFtp64MLhnHu59x4vYlQqy/o2lpZXVtfWCxvFza3tnV1zb78pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW90k/mtRyIkDfmDGkekG6ABpz7FSGnJNU8dXyCc2GnCU0fGgZvQKzvtceiXn1x6Ah3KoRMgNfS85D7tjVyzZFWsKeAisXNSAjnqrjlx+iGOA8IVZkjKjm1FqpsgoShmJC06sSQRwiM0IB1NOQqI7CbTx1J4rJU+9EOhiys4VX9PJCiQchx4ujO7Uc57mfif14mVf9lNKI9iRTieLfJjBlUIs5RgnwqCFRtrgrCg+laIh0gnpXSWRR2CPf/yImmeVezzSvWuWqpd53EUwCE4AmVggwtQA7egDhoAg2fwCt7Bh/FivBmfxtesdcnIZw7AHxiTH6EtoCM=</latexit>

1

n

nX

i=1

f(xi) 2 Rk

<latexit sha1_base64="LxoBS7p0TU/XTlWKmHRxzFoU03k="></latexit>

X

<latexit sha1_base64="G2SN+RBPIs4l6v7025HAzEKZ1Mo="></latexit>

Y

<latexit sha1_base64="5jGE+1Ltdo0l7uBeiR1aZq+d960="></latexit>

X = (x1, . . . , xn), Y = (y1, . . . , yn), (xi, yi)
i.i.d.⇠ PXY (x, y; ✓)
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The Two Nodes Case

• Node 1 transmits a statistic of its own data to the decision center.

Node 1
Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

<latexit sha1_base64="9huvtqIaPqotXXN6xNP49wzkuB0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxMp6kYounFZxT6gacNkOmmHTiZhZiKWkM9w46+4caGI2+78GydtFtp64MLhnHu59x4vYlQqy/o2lpZXVtfWCxvFza3tnV1zb78pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW90k/mtRyIkDfmDGkekG6ABpz7FSGnJNU8dXyCc2GnCU0fGgZvQKzvtceiXn1x6Ah3KoRMgNfS85D7tjVyzZFWsKeAisXNSAjnqrjlx+iGOA8IVZkjKjm1FqpsgoShmJC06sSQRwiM0IB1NOQqI7CbTx1J4rJU+9EOhiys4VX9PJCiQchx4ujO7Uc57mfif14mVf9lNKI9iRTieLfJjBlUIs5RgnwqCFRtrgrCg+laIh0gnpXSWRR2CPf/yImmeVezzSvWuWqpd53EUwCE4AmVggwtQA7egDhoAg2fwCt7Bh/FivBmfxtesdcnIZw7AHxiTH6EtoCM=</latexit>

1

n

nX

i=1

f(xi) 2 Rk

<latexit sha1_base64="LxoBS7p0TU/XTlWKmHRxzFoU03k="></latexit>

X

<latexit sha1_base64="G2SN+RBPIs4l6v7025HAzEKZ1Mo="></latexit>

Y

<latexit sha1_base64="5jGE+1Ltdo0l7uBeiR1aZq+d960="></latexit>

X = (x1, . . . , xn), Y = (y1, . . . , yn), (xi, yi)
i.i.d.⇠ PXY (x, y; ✓)
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The Two Nodes Case

• Node 1 transmits a statistic of its own data to the decision center.
• The decision node estimates the parameter based on the statistic and its data.

Node 1
Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

<latexit sha1_base64="9huvtqIaPqotXXN6xNP49wzkuB0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxMp6kYounFZxT6gacNkOmmHTiZhZiKWkM9w46+4caGI2+78GydtFtp64MLhnHu59x4vYlQqy/o2lpZXVtfWCxvFza3tnV1zb78pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW90k/mtRyIkDfmDGkekG6ABpz7FSGnJNU8dXyCc2GnCU0fGgZvQKzvtceiXn1x6Ah3KoRMgNfS85D7tjVyzZFWsKeAisXNSAjnqrjlx+iGOA8IVZkjKjm1FqpsgoShmJC06sSQRwiM0IB1NOQqI7CbTx1J4rJU+9EOhiys4VX9PJCiQchx4ujO7Uc57mfif14mVf9lNKI9iRTieLfJjBlUIs5RgnwqCFRtrgrCg+laIh0gnpXSWRR2CPf/yImmeVezzSvWuWqpd53EUwCE4AmVggwtQA7egDhoAg2fwCt7Bh/FivBmfxtesdcnIZw7AHxiTH6EtoCM=</latexit>

1

n

nX

i=1

f(xi) 2 Rk

<latexit sha1_base64="LxoBS7p0TU/XTlWKmHRxzFoU03k="></latexit>

X

<latexit sha1_base64="G2SN+RBPIs4l6v7025HAzEKZ1Mo="></latexit>

Y

<latexit sha1_base64="5jGE+1Ltdo0l7uBeiR1aZq+d960="></latexit>

X = (x1, . . . , xn), Y = (y1, . . . , yn), (xi, yi)
i.i.d.⇠ PXY (x, y; ✓)
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The Two Nodes Case

• Node 1 transmits a statistic of its own data to the decision center.
• The decision node estimates the parameter based on the statistic and its data.

• The empirical distribution of the observation Y provides a reference distribution.

Node 1
Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

<latexit sha1_base64="9huvtqIaPqotXXN6xNP49wzkuB0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxMp6kYounFZxT6gacNkOmmHTiZhZiKWkM9w46+4caGI2+78GydtFtp64MLhnHu59x4vYlQqy/o2lpZXVtfWCxvFza3tnV1zb78pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW90k/mtRyIkDfmDGkekG6ABpz7FSGnJNU8dXyCc2GnCU0fGgZvQKzvtceiXn1x6Ah3KoRMgNfS85D7tjVyzZFWsKeAisXNSAjnqrjlx+iGOA8IVZkjKjm1FqpsgoShmJC06sSQRwiM0IB1NOQqI7CbTx1J4rJU+9EOhiys4VX9PJCiQchx4ujO7Uc57mfif14mVf9lNKI9iRTieLfJjBlUIs5RgnwqCFRtrgrCg+laIh0gnpXSWRR2CPf/yImmeVezzSvWuWqpd53EUwCE4AmVggwtQA7egDhoAg2fwCt7Bh/FivBmfxtesdcnIZw7AHxiTH6EtoCM=</latexit>

1

n

nX

i=1

f(xi) 2 Rk

<latexit sha1_base64="LxoBS7p0TU/XTlWKmHRxzFoU03k="></latexit>

X

<latexit sha1_base64="G2SN+RBPIs4l6v7025HAzEKZ1Mo="></latexit>

Y

<latexit sha1_base64="5jGE+1Ltdo0l7uBeiR1aZq+d960="></latexit>

X = (x1, . . . , xn), Y = (y1, . . . , yn), (xi, yi)
i.i.d.⇠ PXY (x, y; ✓)



12

The Two Nodes Case

• Node 1 transmits a statistic of its own data to the decision center.
• The decision node estimates the parameter based on the statistic and its data.

• The empirical distribution of the observation Y provides a reference distribution.
• What is the informative k-dimensional feature function node 1 should extract?

Node 1
Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

<latexit sha1_base64="9huvtqIaPqotXXN6xNP49wzkuB0=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxMp6kYounFZxT6gacNkOmmHTiZhZiKWkM9w46+4caGI2+78GydtFtp64MLhnHu59x4vYlQqy/o2lpZXVtfWCxvFza3tnV1zb78pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW90k/mtRyIkDfmDGkekG6ABpz7FSGnJNU8dXyCc2GnCU0fGgZvQKzvtceiXn1x6Ah3KoRMgNfS85D7tjVyzZFWsKeAisXNSAjnqrjlx+iGOA8IVZkjKjm1FqpsgoShmJC06sSQRwiM0IB1NOQqI7CbTx1J4rJU+9EOhiys4VX9PJCiQchx4ujO7Uc57mfif14mVf9lNKI9iRTieLfJjBlUIs5RgnwqCFRtrgrCg+laIh0gnpXSWRR2CPf/yImmeVezzSvWuWqpd53EUwCE4AmVggwtQA7egDhoAg2fwCt7Bh/FivBmfxtesdcnIZw7AHxiTH6EtoCM=</latexit>

1

n

nX

i=1

f(xi) 2 Rk

<latexit sha1_base64="LxoBS7p0TU/XTlWKmHRxzFoU03k="></latexit>

X

<latexit sha1_base64="G2SN+RBPIs4l6v7025HAzEKZ1Mo="></latexit>

Y

<latexit sha1_base64="5jGE+1Ltdo0l7uBeiR1aZq+d960="></latexit>

X = (x1, . . . , xn), Y = (y1, . . . , yn), (xi, yi)
i.i.d.⇠ PXY (x, y; ✓)
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The Geometric Interpretation

<latexit sha1_base64="928PkgeuPzBW6riMG9v6Elm5kVk="></latexit>

FXY : The functional subspace of X,Y , FY : The functional subspace of Y .

<latexit sha1_base64="H3x0f3YZRF4BQ1r9bATCNj4fAqE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8UgxEvYlaAeg148RjQPSZZldtJJhsw+mOkVwroHf8WLB0W8+hve/BsnyR40saChqOqmu8uLBFdoWd9Gbml5ZXUtv17Y2Nza3inu7jVVGEsGDRaKULY9qkDwABrIUUA7kkB9T0DLG11N/NYDSMXD4A7HETg+HQS8zxlFLbnFgy5y0YPkNnWT9n1a7uIQkJ64xZJVsaYwF4mdkRLJUHeLX91eyGIfAmSCKtWxrQidhErkTEBa6MYKIspGdAAdTQPqg3KS6f2peayVntkPpa4Azan6eyKhvlJj39OdPsWhmvcm4n9eJ8b+hZPwIIoRAjZb1I+FiaE5CcPscQkMxVgTyiTXt5psSCVlqCMr6BDs+ZcXSfO0Yp9VqjfVUu0yiyNPDskRKRObnJMauSZ10iCMPJJn8krejCfjxXg3PmatOSOb2Sd/YHz+APoKlhQ=</latexit>

S̃XY (✓)

<latexit sha1_base64="4CLIXcpYHWNk3ckI8JJxuiZTFrY=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSKeqyKIjLCvYibQiT6bQdOpmEmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+YOYM6Ud59sqrKyurW8UN0tb2zu7e3Z5v6WiRBLaJBGPZCfAinImaFMzzWknlhSHAaftYHw1rbcfqFQsEnd6ElMvxEPBBoxgbSzfLqc9gjm6zvw53Ge+XXGqzkxoGdwcKpCr4dtfvX5EkpAKTThWqus6sfZSLDUjnGalXqJojMkYD2nXoMAhVV46Oz1Dx8bpo0EkzRMazdzfEykOlZqEgekMsR6pxdrU/K/WTfTgwkuZiBNNBZkvGiQc6QhNc0B9JinRfGIAE8nMrYiMsMREm7RKJgR38cvL0DqtumfV2m2tUr/M4yjCIRzBCbhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2R9/gCv/5Ok</latexit>FY

<latexit sha1_base64="BGsJ7SGnpLGeY2PlRwNjU/D+XjM=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFNKJvtpl262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6LrfVmltfWNzq7xd2dnd2z+wD49aOskUZU2aiER1QqKZ4JI1kaNgnVQxEoeCtcPR3cxvj5nSPJGPOElZEJOB5BGnBI3Us20f2RPmOiVy6ueRP+3ZVbfmzuGsEq8gVSjQ6Nlffj+hWcwkUkG07npuikFOFHIq2LTiZ5qlhI7IgHUNlSRmOsjnl0+dM6P0nShRpiQ6c/X3RE5irSdxaDpjgkO97M3E/7xuhtFNkHOZZsgkXSyKMuFg4sxicPpcMYpiYgihiptbHTokilA0YVVMCN7yy6ukdVHzrmqXD5fV+m0RRxlO4BTOwYNrqMM9NKAJFMbwDK/wZuXWi/VufSxaS1Yxcwx/YH3+AHaXlDU=</latexit>

span{f}

<latexit sha1_base64="uCz09qFcuiE8zOgmfisSptLV2Ls=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFcFUSKeqyKIjLCvYibQiT6aQdOrkwMxFKyMKNr+LGhSJufQh3vo3TJgttPTDMx/+fw8z5vZgzqSzr2yitrK6tb5Q3K1vbO7t75v5BR0aJILRNIh6Jnocl5SykbcUUp71YUBx4nHa9ydXM7z5QIVkU3qlpTJ0Aj0LmM4KVllyzmg4I5ug6c9Ocell+32eZa9asujUvtAx2ATUoquWaX4NhRJKAhopwLGXftmLlpFgoRjjNKoNE0hiTCR7RvsYQB1Q66XyJDB1rZYj8SOgTKjRXf0+kOJByGni6M8BqLBe9mfif10+Uf+GkLIwTRUOSP+QnHKkIzRJBQyYoUXyqARPB9F8RGWOBidK5VXQI9uLKy9A5rdtn9cZto9a8LOIoQxWO4ARsOIcm3EAL2kDgEZ7hFd6MJ+PFeDc+8taSUcwcwp8yPn8Ac7GX/A==</latexit>FXY

<latexit sha1_base64="NrZ8rBw/J2ew76SJ2M0ugKKEIbs=">AAACD3icbVC5TsNAEF1zhnAFKGksIlDSRDaKgDKChjIIcqDYstabcbLK+tDuGCmy8gc0/AoNBQjR0tLxN2yOAhKeNNLb92a0M89PBFdoWd/G0vLK6tp6biO/ubW9s1vY22+qOJUMGiwWsWz7VIHgETSQo4B2IoGGvoCWP7ga+60HkIrH0R0OE3BD2ot4wBlFLXmFE6fOHQEBlhzkogvZ7cjL2vcj/ewD0rIjea+PZa9QtCrWBOYisWekSGaoe4UvpxuzNIQImaBKdWwrQTejEjkTMMo7qYKEsgHtQUfTiIag3Gxyz8g81krXDGKpK0Jzov6eyGio1DD0dWdIsa/mvbH4n9dJMbhwMx4lKULEph8FqTAxNsfhmF0ugaEYakKZ5HpXk/WppAx1hHkdgj1/8iJpnlbss0r1plqsXc7iyJFDckRKxCbnpEauSZ00CCOP5Jm8kjfjyXgx3o2PaeuSMZs5IH9gfP4A8Nqcmw==</latexit>

⇧
⇣
S̃XY (✓)

⌘

<latexit sha1_base64="A0XTrmkR2cmVQqBTA8EbkTD+Sns=">AAACHXicbVC7TgJBFJ31ifhCLW0mggkmhuwaopZEG0tMeAYImR3uwsjszmZm1kg2/IiNv2JjoTEWNsa/cRYoFLzVyTn35p5z3JAzpW3721paXlldW09tpDe3tnd2M3v7NSUiSaFKBRey4RIFnAVQ1UxzaIQSiO9yqLvD60Sv34NUTAQVPQqh45N+wDxGiTZUN1Nsa3jQcWUAOJTiDmhCYxGCJFpI7Enh41y+cdo8yWERaIFzzdy4m8naBXsyeBE4M5BFsyl3M5/tnqCRD4GmnCjVcuxQd2IiNaMcxul2pCAkdEj60DIwID6oTjxJN8bHhulhL3FjHOAJ+/siJr5SI981mz7RAzWvJeR/WivS3mUnZkEYaQjo9JEXcWxSJlXhHpOmDz4ygFDJjFdMB0QSqk2haVOCMx95EdTOCs55oXhbzJauZnWk0CE6QnnkoAtUQjeojKqIokf0jF7Rm/VkvVjv1sd0dcma3RygP2N9/QCYVKDq</latexit>

The projection operator from (X,Y ) onto Y

<latexit sha1_base64="1ojstPt/o1eMCBaS5Up4CAThpBA="></latexit>

span{f} : The functional space spanned by each dimension of f.
<latexit sha1_base64="b/l+9LoFoQA+5TFxfJttzQW3Uj0="></latexit>

MSE =
1

n
tr

⇢⇣
S̃T
X(✓)V T

�
V V T

��1
V S̃X(✓)

⌘�1
�
, where V = [BY F]

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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The Estimator To Achieve Optimal MSE

<latexit sha1_base64="Q+FhnjObiukbcP60ch+X0dl06FA="></latexit>

b =
⇣
FTF

⌘� 1
2 ·
 
1

n

nX

i=1

f(xi)� EPX(·;✓̂Y ) [f(X)]

!

<latexit sha1_base64="iEKKJaJwazv8eVqJIXbM7IjYcYA=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxLxBW6KblxWsA9pQphMJ+3QySTM3Agh1F9x40IRt36IO//GaZuFth64cDjnXu69J0g4U2Db38bS8srq2nppo7y5tb2za+7tt1WcSkJbJOax7AZYUc4EbQEDTruJpDgKOO0Eo5uJ33mkUrFY3EOWUC/CA8FCRjBoyTcrTf+hll25Qwy5C0MKeHzsm1W7bk9hLRKnIFVUoOmbX24/JmlEBRCOleo5dgJejiUwwum47KaKJpiM8ID2NBU4osrLp8ePrSOt9K0wlroEWFP190SOI6WyKNCdEYahmvcm4n9eL4Xw0suZSFKggswWhSm3ILYmSVh9JikBnmmCiWT6VosMscQEdF5lHYIz//IiaZ/UnfP62d1ptXFdxFFCB+gQ1ZCDLlAD3aImaiGCMvSMXtGb8WS8GO/Gx6x1yShmKugPjM8fN3uUgw==</latexit>

PY (y; ✓̂)
<latexit sha1_base64="orWU9vnylOYBZzr1hTRIC2i/THE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREfIGbohuXFeyLJoTJdNIMnTyYuRFCKPgrblwo4tbvcOffOG2z0NYDFw7n3Mu993gJZxJM81srLS2vrK6V1ysbm1vbO/ruXlvGqSC0RWIei66HJeUsoi1gwGk3ERSHHqcdb3Q78TuPVEgWRw+QJdQJ8TBiPiMYlOTqB023V8uu7QBDbkNAAY/d3omrV826OYWxSKyCVFGBpqt/2YOYpCGNgHAsZd8yE3ByLIARTscVO5U0wWSEh7SvaIRDKp18ev7YOFbKwPBjoSoCY6r+nshxKGUWeqozxBDIeW8i/uf1U/CvnJxFSQo0IrNFfsoNiI1JFsaACUqAZ4pgIpi61SABFpiASqyiQrDmX14k7dO6dVE/vz+rNm6KOMroEB2hGrLQJWqgO9RELURQjp7RK3rTnrQX7V37mLWWtGJmH/2B9vkDp5+VTw==</latexit>

PY (y; ✓̂Y )
<latexit sha1_base64="axRbweN+cdXk2w2HeF04xazOLYw=">AAAB9HicbVDJSgNBEK1xjXGLevTSGIR4CTPiBl6CXjxGMIskQ+jp9CRNeha7awJhyHd48aCIVz/Gm39jJ5mDJj4oeLxXRVU9L5ZCo21/W0vLK6tr67mN/ObW9s5uYW+/rqNEMV5jkYxU06OaSxHyGgqUvBkrTgNP8oY3uJ34jSFXWkThA45i7ga0FwpfMIpGcqudx9Louo19jvSkUyjaZXsKskicjBQhQ7VT+Gp3I5YEPEQmqdYtx47RTalCwSQf59uJ5jFlA9rjLUNDGnDtptOjx+TYKF3iR8pUiGSq/p5IaaD1KPBMZ0Cxr+e9ifif10rQv3JTEcYJ8pDNFvmJJBiRSQKkKxRnKEeGUKaEuZWwPlWUockpb0Jw5l9eJPXTsnNRPr8/K1ZusjhycAhHUAIHLqECd1CFGjB4gmd4hTdraL1Y79bHrHXJymYO4A+szx/aYZGF</latexit>

PY (y; ✓)

<latexit sha1_base64="HR1yAd029ut9n5jwYtZEO+BA+Ko=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPG9EMGtO+93q03m/XHFqzhz2KnFzUoEczX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtC9q7mWtfl+vNG7yOIpwAqdQBReuoAF30IQWUEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AYcEkVw=</latexit>

P̂X(x)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="z2hlHHQvhbegAGdVbUvJimNjNZ8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDRZwuykNxkyO7vMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUesw6jgtTG3YduqexW3CnIIvFyUoYctW7pq9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9OIxObZKj4SxsiUNmaq/JzIaaT2KAtsZUTPQ895E/M9rpya88jMuk9SgZLNFYSqIicnkfdLjCpkRI0soU9zeStiAKsqMDaloQ/DmX14kjdOKd1E5vzsrV6/zOApwCEdwAh5cQhVuoQZ1YCDhGV7hzdHOi/PufMxal5x85gD+wPn8ASIRkJQ=</latexit>PY

<latexit sha1_base64="/DFb84CEz3IpzZWIp1x0dCTe+1U="></latexit>

FY [ span{f}

<latexit sha1_base64="gN/nY4QTm9H5r/EK9cUdL3RMm84="></latexit>

Eliminate the bias from the di↵erence between ✓̂Y and ✓.

<latexit sha1_base64="/38Iuo3cnnvFwJ61ZJI5S/jzl+s="></latexit>

✓̂Y = argmax
✓

1

n

nX

i=1

logPY (yi; ✓)

<latexit sha1_base64="MbjlOtkLetsKD4wTdvs7T6O3yqk="></latexit>

The estimator: ✓̂ = ✓̂Y + J�1(✓̂Y ) S̃
T
X(✓̂Y )V

T
�
V V T

��1

| {z }
projection operation

·


�
b

�

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.



15

The Special Case

• Suppose that                                                     then the MSE can be 
reduced to

<latexit sha1_base64="nK37nDiSKa2vmCWTxOKcIAnNmRo=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFFBhKIblxXsRdphyKRpG5rJDMkZsQx9ETe+ihsXirhwI76N6YWirQcCf77zH5Lz+5HgGmz720otLC4tr6RXM2vrG5tb2e2dqg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/dzXs1+6Z0jyUt9CPmBuQjuRtTgkY5GWLZS+p3w3yD0f98yZ0GZBDfIGH0LApMXfjmTq8bM4u2KPC88KZiByaVNnLfjZbIY0DJoEKonXDsSNwE6KAU8EGmWasWURoj3RYw0hJAqbdZLTdAB8Y0sLtUJkjAY/o74mEBFr3A984AwJdPdsbwv96jRjaZ27CZRQDk3T8UDsWGEI8jAq3uGIURN8IQhU3f8W0SxShYALNmBCc2ZXnRfW44JwUijfFXOlyEkca7aF9lEcOOkUldI3KqIIoekTP6BW9WU/Wi/VufYytKWsys4v+lPX1AyB0oLg=</latexit>

PXY (x, y; ✓) = PX(x; ✓)PY (y; ✓)

<latexit sha1_base64="fsI2vcV/0aEl8fd3jCjIjf/TGfo="></latexit>

MSE =
1

n
tr

8
><

>:

⇣
JY (✓)| {z }

Fisher information of Y

+ S̃T
X(✓)FT

�
FFT

��1
FS̃X(✓)

| {z }
Fisher information of f

⌘�1

9
>=

>;

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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The Special Case

• Suppose that                                                     then the MSE can be 
reduced to

• The performance gain provided by the statistics of the x sequence.

<latexit sha1_base64="nK37nDiSKa2vmCWTxOKcIAnNmRo=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFFBhKIblxXsRdphyKRpG5rJDMkZsQx9ETe+ihsXirhwI76N6YWirQcCf77zH5Lz+5HgGmz720otLC4tr6RXM2vrG5tb2e2dqg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/dzXs1+6Z0jyUt9CPmBuQjuRtTgkY5GWLZS+p3w3yD0f98yZ0GZBDfIGH0LApMXfjmTq8bM4u2KPC88KZiByaVNnLfjZbIY0DJoEKonXDsSNwE6KAU8EGmWasWURoj3RYw0hJAqbdZLTdAB8Y0sLtUJkjAY/o74mEBFr3A984AwJdPdsbwv96jRjaZ27CZRQDk3T8UDsWGEI8jAq3uGIURN8IQhU3f8W0SxShYALNmBCc2ZXnRfW44JwUijfFXOlyEkca7aF9lEcOOkUldI3KqIIoekTP6BW9WU/Wi/VufYytKWsys4v+lPX1AyB0oLg=</latexit>

PXY (x, y; ✓) = PX(x; ✓)PY (y; ✓)

<latexit sha1_base64="fsI2vcV/0aEl8fd3jCjIjf/TGfo="></latexit>

MSE =
1

n
tr

8
><

>:

⇣
JY (✓)| {z }

Fisher information of Y

+ S̃T
X(✓)FT

�
FFT

��1
FS̃X(✓)

| {z }
Fisher information of f

⌘�1

9
>=

>;

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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The Special Case

• Suppose that                                                     then the MSE can be 
reduced to

• The performance gain provided by the statistics of the x sequence.
• The top-k singular vectors of the Fisher information matrix = The most 

informative feature functions.

<latexit sha1_base64="nK37nDiSKa2vmCWTxOKcIAnNmRo=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFFBhKIblxXsRdphyKRpG5rJDMkZsQx9ETe+ihsXirhwI76N6YWirQcCf77zH5Lz+5HgGmz720otLC4tr6RXM2vrG5tb2e2dqg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/dzXs1+6Z0jyUt9CPmBuQjuRtTgkY5GWLZS+p3w3yD0f98yZ0GZBDfIGH0LApMXfjmTq8bM4u2KPC88KZiByaVNnLfjZbIY0DJoEKonXDsSNwE6KAU8EGmWasWURoj3RYw0hJAqbdZLTdAB8Y0sLtUJkjAY/o74mEBFr3A984AwJdPdsbwv96jRjaZ27CZRQDk3T8UDsWGEI8jAq3uGIURN8IQhU3f8W0SxShYALNmBCc2ZXnRfW44JwUijfFXOlyEkca7aF9lEcOOkUldI3KqIIoekTP6BW9WU/Wi/VufYytKWsys4v+lPX1AyB0oLg=</latexit>

PXY (x, y; ✓) = PX(x; ✓)PY (y; ✓)

<latexit sha1_base64="fsI2vcV/0aEl8fd3jCjIjf/TGfo="></latexit>

MSE =
1

n
tr

8
><

>:

⇣
JY (✓)| {z }

Fisher information of Y

+ S̃T
X(✓)FT

�
FFT

��1
FS̃X(✓)

| {z }
Fisher information of f

⌘�1

9
>=

>;

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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Collaborative Distributed Parameter Estimation

Node 1

Decision 
Node

<latexit sha1_base64="JLdz/Ajk4ELaZV3/w3I0fPU2jOg="></latexit>

X1

<latexit sha1_base64="wTUI+qo05/JCgTB8jW6EiFmwe0w="></latexit>

Xm
…

Node m
<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>

X0

<latexit sha1_base64="8oTEwOTq/0vnDIPYI6dVgYnuhDM="></latexit>

Xi = (x(1)
i , . . . , x(n)

i ), i = 1, . . . ,m,

(x(j)
0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.
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Collaborative Distributed Parameter Estimation

Node 1

Decision 
Node

<latexit sha1_base64="JLdz/Ajk4ELaZV3/w3I0fPU2jOg="></latexit>

X1

<latexit sha1_base64="wTUI+qo05/JCgTB8jW6EiFmwe0w="></latexit>

Xm
…

Node m

<latexit sha1_base64="PNa2kYDQ7RGjW4iusGDDiJdvlYE=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEJyCbsq0YsgevEYwSRCNi6zk9lkyMzsMtMrhmU/xIu/4sWDIl48CP6Nk8fBV0FDUdVNd1eYCG7AdT+dmdm5+YXFpeXCyura+kZxc6tp4lRT1qCxiPV1SAwTXLEGcBDsOtGMyFCwVjg4H/mtW6YNj9UVDBPWkaSneMQpASsFxQM/0oRmXp6p3DepDDJ+4uU3CkeB9AWLoHx3k5V5JQ8k9jXv9aGCg2LJrbpj4L/Em5ISmqIeFN/9bkxTyRRQQYxpe24CnYxo4FSwvOCnhiWEDkiPtS1VRDLTycbP5XjPKl0cxdqWAjxWv09kRBozlKHtlAT65rc3Ev/z2ilEx52MqyQFpuhkUZQKDDEeJYW7XDMKYmgJoZrbWzHtE5sW2DwLNgTv98t/SXO/6tWqtcvD0unZNI4ltIN2URl56AidogtURw1E0T16RM/oxXlwnpxX523SOuNMZ7bRDzgfX4jdoZ4=</latexit>

1

n

nX

i=1

fm
⇣
x(i)
m

⌘

• Each node i transmit a statistic of its own data to the decision center.

<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>

X0

<latexit sha1_base64="n3e9buT7Aju2A0tASj8UkxzKZ7Y="></latexit>

1

n

nX

i=1

f1
⇣
x(i)
1

⌘

<latexit sha1_base64="8oTEwOTq/0vnDIPYI6dVgYnuhDM="></latexit>

Xi = (x(1)
i , . . . , x(n)

i ), i = 1, . . . ,m,

(x(j)
0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.
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Collaborative Distributed Parameter Estimation

Node 1

Decision 
Node

<latexit sha1_base64="JLdz/Ajk4ELaZV3/w3I0fPU2jOg="></latexit>

X1

<latexit sha1_base64="wTUI+qo05/JCgTB8jW6EiFmwe0w="></latexit>

Xm

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂…
Node m

<latexit sha1_base64="PNa2kYDQ7RGjW4iusGDDiJdvlYE=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEJyCbsq0YsgevEYwSRCNi6zk9lkyMzsMtMrhmU/xIu/4sWDIl48CP6Nk8fBV0FDUdVNd1eYCG7AdT+dmdm5+YXFpeXCyura+kZxc6tp4lRT1qCxiPV1SAwTXLEGcBDsOtGMyFCwVjg4H/mtW6YNj9UVDBPWkaSneMQpASsFxQM/0oRmXp6p3DepDDJ+4uU3CkeB9AWLoHx3k5V5JQ8k9jXv9aGCg2LJrbpj4L/Em5ISmqIeFN/9bkxTyRRQQYxpe24CnYxo4FSwvOCnhiWEDkiPtS1VRDLTycbP5XjPKl0cxdqWAjxWv09kRBozlKHtlAT65rc3Ev/z2ilEx52MqyQFpuhkUZQKDDEeJYW7XDMKYmgJoZrbWzHtE5sW2DwLNgTv98t/SXO/6tWqtcvD0unZNI4ltIN2URl56AidogtURw1E0T16RM/oxXlwnpxX523SOuNMZ7bRDzgfX4jdoZ4=</latexit>

1

n

nX

i=1

fm
⇣
x(i)
m

⌘

• Each node i transmit a statistic of its own data to the decision center.
• The decision node estimate the parameter based on the statistics and its data.

<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>

X0

<latexit sha1_base64="n3e9buT7Aju2A0tASj8UkxzKZ7Y="></latexit>

1

n

nX

i=1

f1
⇣
x(i)
1

⌘

<latexit sha1_base64="8oTEwOTq/0vnDIPYI6dVgYnuhDM="></latexit>

Xi = (x(1)
i , . . . , x(n)

i ), i = 1, . . . ,m,

(x(j)
0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.



16

Collaborative Distributed Parameter Estimation

Node 1

Decision 
Node

<latexit sha1_base64="JLdz/Ajk4ELaZV3/w3I0fPU2jOg="></latexit>

X1

<latexit sha1_base64="wTUI+qo05/JCgTB8jW6EiFmwe0w="></latexit>

Xm

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂…
Node m

<latexit sha1_base64="PNa2kYDQ7RGjW4iusGDDiJdvlYE=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEJyCbsq0YsgevEYwSRCNi6zk9lkyMzsMtMrhmU/xIu/4sWDIl48CP6Nk8fBV0FDUdVNd1eYCG7AdT+dmdm5+YXFpeXCyura+kZxc6tp4lRT1qCxiPV1SAwTXLEGcBDsOtGMyFCwVjg4H/mtW6YNj9UVDBPWkaSneMQpASsFxQM/0oRmXp6p3DepDDJ+4uU3CkeB9AWLoHx3k5V5JQ8k9jXv9aGCg2LJrbpj4L/Em5ISmqIeFN/9bkxTyRRQQYxpe24CnYxo4FSwvOCnhiWEDkiPtS1VRDLTycbP5XjPKl0cxdqWAjxWv09kRBozlKHtlAT65rc3Ev/z2ilEx52MqyQFpuhkUZQKDDEeJYW7XDMKYmgJoZrbWzHtE5sW2DwLNgTv98t/SXO/6tWqtcvD0unZNI4ltIN2URl56AidogtURw1E0T16RM/oxXlwnpxX523SOuNMZ7bRDzgfX4jdoZ4=</latexit>

1

n

nX

i=1

fm
⇣
x(i)
m

⌘

• Each node i transmit a statistic of its own data to the decision center.
• The decision node estimate the parameter based on the statistics and its data.

• What are informative feature functions                       the nodes should extract?
<latexit sha1_base64="wGf4NOJnWFnJv4ozEZ085YhbR9U=">AAACE3icbVC7TsMwFL3hWcorwMhiUSEhhipBqCCmChbGguhDakLkuE5r1XnIdpCqKP/Awq+wMIAQKwsbf4PTdoCWK1k+Pude+Z7jJ5xJZVnfxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHo+FhSziLaVExx2kkExaHPadsfXhV6+4EKyeLoTo0S6oa4H7GAEaw05ZnHgcfQBUKZQzBHnVy/nBAnUsXFrQa+n93m99nQY7lnVqyqNS40D+wpqMC0Gp755fRikoY0UoRjKbu2lSg3w0IxwmledlJJE0yGuE+7GkY4pNLNxp5ydKiZHgpioU+k0Jj9PZHhUMpR6OvOYk85qxXkf1o3VcG5m7EoSRWNyOSjIOVIOy4CQj0mKFF8pAEmguldERlggYnSMZZ1CPas5XnQOqnatWrt5rRSv5zGUYJ9OIAjsOEM6nANDWgCgUd4hld4M56MF+Pd+Ji0LhjTmT34U8bnDwcOnbM=</latexit>

fi : Xi 7! Rki

<latexit sha1_base64="dxgtyVUvo9MUt83dLkNucvbCD0s="></latexit>

X0

<latexit sha1_base64="n3e9buT7Aju2A0tASj8UkxzKZ7Y="></latexit>

1

n

nX

i=1

f1
⇣
x(i)
1

⌘

<latexit sha1_base64="8oTEwOTq/0vnDIPYI6dVgYnuhDM="></latexit>

Xi = (x(1)
i , . . . , x(n)

i ), i = 1, . . . ,m,

(x(j)
0 , . . . , x(j)

m )
i.i.d.⇠ PX0···Xm(x1, . . . , xm; ✓), j = 1, . . . , n.
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The Geometric Interpretation

<latexit sha1_base64="HQiCXg6nxMd4iowqY+hwtfqIjb4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6DhVlLVpLGLVC4hmgkvWBg6C9RLFSBQI1g0md3O/+8SU5rF8hFnC/IiMJA85JWCkgV31gE0h0wmRuZeFA9fLB3bNqTsL4HXiFqSGCrQG9pc3jGkaMQlUEK37rpOAnxEFnAqWV7xUs4TQCRmxvqGSREz72eL2HJ8bZYjDWJmSgBfq74mMRFrPosB0RgTGetWbi/95/RTCGz/jMkmBSbpcFKYCQ4znQeAhV4yCmBlCqOLmVkzHRBEKJq6KCcFdfXmddC7r7lW98dCoNW+LOMroFJ2hC+Sia9RE96iF2oiiKXpGr+jNyq0X6936WLaWrGLmBP2B9fkDqLmU2Q==</latexit>

span{f1}
<latexit sha1_base64="Y2jEnBHQnJ4/UXmVtyTSC+RLO8g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh6LXjxWsK3QhLLZbtqlm03YnUhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgkRwDY7zbZU2Nre2d8q7lb39g8Mj+7ja1XGqKOvQWMTqMSCaCS5ZBzgI9pgoRqJAsF4wuZ37vSemNI/lA8wS5kdkJHnIKQEjDeyqB2wKmU6IzL0sHDS8fGDXnLqzAF4nbkFqqEB7YH95w5imEZNABdG67zoJ+BlRwKlgecVLNUsInZAR6xsqScS0ny1uz/G5UYY4jJUpCXih/p7ISKT1LApMZ0RgrFe9ufif108hvPYzLpMUmKTLRWEqMMR4HgQecsUoiJkhhCpubsV0TBShYOKqmBDc1ZfXSbdRdy/rzftmrXVTxFFGp+gMXSAXXaEWukNt1EEUTdEzekVvVm69WO/Wx7K1ZBUzJ+gPrM8fqj+U2g==</latexit>

span{f2}

<latexit sha1_base64="vnfdahrmuCpqSpS88HgfdFxVTVg="></latexit>

MSE = tr

⇢⇣
S̃T
X(✓)V T

�
V V T

��1
V S̃X(✓)

⌘�1
�
, where V = [BY F1 · · · Fm�1]

<latexit sha1_base64="7B3qOJg53QoFqaC2UdNY68XUHNI=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtyPQ4FMTjBPcCWylpmm5hSVOSVBiln8CLX8WLB0W8evbmtzHbiujmHwK//J/nIXn+QcKo0o7zZZVWVtfWN8qbla3tnd09e/+go0QqMWljwYTsBUgRRmPS1lQz0kskQTxgpBuMr6b17j2Rior4Tk8S4nE0jGlEMdLG8u1aNsCIwevcz+bUy31ngEOh1c+d575dderOTHAZ3AKqoFDLtz8HocApJ7HGDCnVd51EexmSmmJG8sogVSRBeIyGpG8wRpwoL5utk8OacUIYCWlOrOHM/T2RIa7UhAemkyM9Uou1qflfrZ/q6MLLaJykmsR4/lCUMqgFnGYDQyoJ1mxiAGFJzV8hHiGJsDYJVkwI7uLKy9A5rbuNeuP2rNq8LOIogyNwDE6AC85BE9yAFmgDDB7AE3gBr9aj9Wy9We/z1pJVzByCP7I+vgEqoZw1</latexit>FX0···Xm
<latexit sha1_base64="AOylTg0WED6YE6MYWB5rIuyW3MM=">AAACC3icbVDJSgNBEO2JW4xb1KOXxiDES5gRiR6DXjxGNAtkwtDTU0ma9Cx01whhyN2Lv+LFgyJe/QFv/o2d5aCJDwoe71VRVc9PpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR1nCoODR7LWLV9pkGKCBooUEI7UcBCX0LLH15P/NYDKC3i6B5HCXRD1o9ET3CGRvKKxy4KGUB2N/aytmdTlwcxatr2wnHZxQEgO/WKJbtiT0GXiTMnJTJH3St+uUHM0xAi5JJp3XHsBLsZUyi4hHHBTTUkjA9ZHzqGRiwE3c2mv4zpiVEC2ouVqQjpVP09kbFQ61Hom86Q4UAvehPxP6+TYu+ym4koSREiPlvUSyXFmE6CoYFQwFGODGFcCXMr5QOmGEcTX8GE4Cy+vEyaZxWnWqnenpdqV/M48uSIHJMyccgFqZEbUicNwskjeSav5M16sl6sd+tj1pqz5jOH5A+szx9fPZqh</latexit>

S̃X0···Xm(✓)

<latexit sha1_base64="WGO0SNovgcRnd3diLz1SxX0sp88=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSiFSXRUFcVrAXaEOYTCft0MkkzEyEEgK+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfMHCWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2ilNJaIvEPJbdACvKmaAtzTSn3URSHAWcdoLxzbTeeaRSsVg86ElCvQgPBQsZwdpYvn2U9Qnm6Db3szl1c9/Jfbvq1JyZ0DK4BVShUNO3v/qDmKQRFZpwrFTPdRLtZVhqRjjNK/1U0QSTMR7SnkGBI6q8bHZ+jk6NM0BhLM0TGs3c3xMZjpSaRIHpjLAeqcXa1Pyv1kt1eOVlTCSppoLMF4UpRzpG0yzQgElKNJ8YwEQycysiIywx0SaxignBXfzyMrTPa269Vr+/qDauizjKcAwncAYuXEID7qAJLSCQwTO8wpv1ZL1Y79bHvLVkFTOH8EfW5w+wzpVU</latexit>FX0

<latexit sha1_base64="GztZ327uOKPT/ihcDqogsvDpAxw=">AAACG3icbVBNS8NAEN34bf2qevSyWIR6KYlI9Sh68VjR1kITwmYzaRc3H+xOhBLyP7z4V7x4UMST4MF/4/bjoNUHA4/3ZpiZF2RSaLTtL2tufmFxaXlltbK2vrG5Vd3e6eg0VxzaPJWp6gZMgxQJtFGghG6mgMWBhNvg7mLk396D0iJNbnCYgRezfiIiwRkaya8euS3hSoiw7qKQIRTXpV90fZu6PExR064fl8YaALJDV4n+AA/9as1u2GPQv8SZkhqZouVXP9ww5XkMCXLJtO45doZewRQKLqGsuLmGjPE71oeeoQmLQXvF+LeSHhglpFGqTCVIx+rPiYLFWg/jwHTGDAd61huJ/3m9HKNTrxBJliMkfLIoyiXFlI6CoqFQwFEODWFcCXMr5QOmGEcTZ8WE4My+/Jd0jhpOs9G8Oq6dnU/jWCF7ZJ/UiUNOyBm5JC3SJpw8kCfyQl6tR+vZerPeJ61z1nRml/yC9fkNm0KhKA==</latexit>

⇧
⇣
S̃X0···Xm(✓)

⌘

<latexit sha1_base64="ghkq0GvkbR6KwS11P2GTyc1WboQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmhMl00g6dTMLMjVhD8FfcuFDErf/hzr9x+lho64ELh3Pu5d57wlRwDY7zbS0tr6yurZc2yptb2zu79t5+SyeZoqxJE5GoTkg0E1yyJnAQrJMqRuJQsHY4vB777XumNE/kHYxS5sekL3nEKQEjBfahB+wBcp0SWXh5FORx4RWBXXGqzgR4kbgzUkEzNAL7y+slNIuZBCqI1l3XScHPiQJOBSvKXqZZSuiQ9FnXUElipv18cn2BT4zSw1GiTEnAE/X3RE5irUdxaDpjAgM9743F/7xuBtGln3OZZsAknS6KMoEhweMocI8rRkGMDCFUcXMrpgOiCAUTWNmE4M6/vEhaZ1W3Vq3dnlfqV7M4SugIHaNT5KILVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wPn8A1zCWIw==</latexit>

span{fm} <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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The Geometric Interpretation

<latexit sha1_base64="HQiCXg6nxMd4iowqY+hwtfqIjb4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6DhVlLVpLGLVC4hmgkvWBg6C9RLFSBQI1g0md3O/+8SU5rF8hFnC/IiMJA85JWCkgV31gE0h0wmRuZeFA9fLB3bNqTsL4HXiFqSGCrQG9pc3jGkaMQlUEK37rpOAnxEFnAqWV7xUs4TQCRmxvqGSREz72eL2HJ8bZYjDWJmSgBfq74mMRFrPosB0RgTGetWbi/95/RTCGz/jMkmBSbpcFKYCQ4znQeAhV4yCmBlCqOLmVkzHRBEKJq6KCcFdfXmddC7r7lW98dCoNW+LOMroFJ2hC+Sia9RE96iF2oiiKXpGr+jNyq0X6936WLaWrGLmBP2B9fkDqLmU2Q==</latexit>

span{f1}
<latexit sha1_base64="Y2jEnBHQnJ4/UXmVtyTSC+RLO8g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh6LXjxWsK3QhLLZbtqlm03YnUhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgkRwDY7zbZU2Nre2d8q7lb39g8Mj+7ja1XGqKOvQWMTqMSCaCS5ZBzgI9pgoRqJAsF4wuZ37vSemNI/lA8wS5kdkJHnIKQEjDeyqB2wKmU6IzL0sHDS8fGDXnLqzAF4nbkFqqEB7YH95w5imEZNABdG67zoJ+BlRwKlgecVLNUsInZAR6xsqScS0ny1uz/G5UYY4jJUpCXih/p7ISKT1LApMZ0RgrFe9ufif108hvPYzLpMUmKTLRWEqMMR4HgQecsUoiJkhhCpubsV0TBShYOKqmBDc1ZfXSbdRdy/rzftmrXVTxFFGp+gMXSAXXaEWukNt1EEUTdEzekVvVm69WO/Wx7K1ZBUzJ+gPrM8fqj+U2g==</latexit>

span{f2}

• When X is continuous, parametrizing the functions by neural networks to 
optimize the MSE loss.

<latexit sha1_base64="vnfdahrmuCpqSpS88HgfdFxVTVg="></latexit>

MSE = tr

⇢⇣
S̃T
X(✓)V T

�
V V T

��1
V S̃X(✓)

⌘�1
�
, where V = [BY F1 · · · Fm�1]

<latexit sha1_base64="7B3qOJg53QoFqaC2UdNY68XUHNI=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtyPQ4FMTjBPcCWylpmm5hSVOSVBiln8CLX8WLB0W8evbmtzHbiujmHwK//J/nIXn+QcKo0o7zZZVWVtfWN8qbla3tnd09e/+go0QqMWljwYTsBUgRRmPS1lQz0kskQTxgpBuMr6b17j2Rior4Tk8S4nE0jGlEMdLG8u1aNsCIwevcz+bUy31ngEOh1c+d575dderOTHAZ3AKqoFDLtz8HocApJ7HGDCnVd51EexmSmmJG8sogVSRBeIyGpG8wRpwoL5utk8OacUIYCWlOrOHM/T2RIa7UhAemkyM9Uou1qflfrZ/q6MLLaJykmsR4/lCUMqgFnGYDQyoJ1mxiAGFJzV8hHiGJsDYJVkwI7uLKy9A5rbuNeuP2rNq8LOIogyNwDE6AC85BE9yAFmgDDB7AE3gBr9aj9Wy9We/z1pJVzByCP7I+vgEqoZw1</latexit>FX0···Xm
<latexit sha1_base64="AOylTg0WED6YE6MYWB5rIuyW3MM=">AAACC3icbVDJSgNBEO2JW4xb1KOXxiDES5gRiR6DXjxGNAtkwtDTU0ma9Cx01whhyN2Lv+LFgyJe/QFv/o2d5aCJDwoe71VRVc9PpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR1nCoODR7LWLV9pkGKCBooUEI7UcBCX0LLH15P/NYDKC3i6B5HCXRD1o9ET3CGRvKKxy4KGUB2N/aytmdTlwcxatr2wnHZxQEgO/WKJbtiT0GXiTMnJTJH3St+uUHM0xAi5JJp3XHsBLsZUyi4hHHBTTUkjA9ZHzqGRiwE3c2mv4zpiVEC2ouVqQjpVP09kbFQ61Hom86Q4UAvehPxP6+TYu+ym4koSREiPlvUSyXFmE6CoYFQwFGODGFcCXMr5QOmGEcTX8GE4Cy+vEyaZxWnWqnenpdqV/M48uSIHJMyccgFqZEbUicNwskjeSav5M16sl6sd+tj1pqz5jOH5A+szx9fPZqh</latexit>

S̃X0···Xm(✓)

<latexit sha1_base64="WGO0SNovgcRnd3diLz1SxX0sp88=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSiFSXRUFcVrAXaEOYTCft0MkkzEyEEgK+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfMHCWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2ilNJaIvEPJbdACvKmaAtzTSn3URSHAWcdoLxzbTeeaRSsVg86ElCvQgPBQsZwdpYvn2U9Qnm6Db3szl1c9/Jfbvq1JyZ0DK4BVShUNO3v/qDmKQRFZpwrFTPdRLtZVhqRjjNK/1U0QSTMR7SnkGBI6q8bHZ+jk6NM0BhLM0TGs3c3xMZjpSaRIHpjLAeqcXa1Pyv1kt1eOVlTCSppoLMF4UpRzpG0yzQgElKNJ8YwEQycysiIywx0SaxignBXfzyMrTPa269Vr+/qDauizjKcAwncAYuXEID7qAJLSCQwTO8wpv1ZL1Y79bHvLVkFTOH8EfW5w+wzpVU</latexit>FX0

<latexit sha1_base64="GztZ327uOKPT/ihcDqogsvDpAxw=">AAACG3icbVBNS8NAEN34bf2qevSyWIR6KYlI9Sh68VjR1kITwmYzaRc3H+xOhBLyP7z4V7x4UMST4MF/4/bjoNUHA4/3ZpiZF2RSaLTtL2tufmFxaXlltbK2vrG5Vd3e6eg0VxzaPJWp6gZMgxQJtFGghG6mgMWBhNvg7mLk396D0iJNbnCYgRezfiIiwRkaya8euS3hSoiw7qKQIRTXpV90fZu6PExR064fl8YaALJDV4n+AA/9as1u2GPQv8SZkhqZouVXP9ww5XkMCXLJtO45doZewRQKLqGsuLmGjPE71oeeoQmLQXvF+LeSHhglpFGqTCVIx+rPiYLFWg/jwHTGDAd61huJ/3m9HKNTrxBJliMkfLIoyiXFlI6CoqFQwFEODWFcCXMr5QOmGEcTZ8WE4My+/Jd0jhpOs9G8Oq6dnU/jWCF7ZJ/UiUNOyBm5JC3SJpw8kCfyQl6tR+vZerPeJ61z1nRml/yC9fkNm0KhKA==</latexit>

⇧
⇣
S̃X0···Xm(✓)

⌘

<latexit sha1_base64="ghkq0GvkbR6KwS11P2GTyc1WboQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmhMl00g6dTMLMjVhD8FfcuFDErf/hzr9x+lho64ELh3Pu5d57wlRwDY7zbS0tr6yurZc2yptb2zu79t5+SyeZoqxJE5GoTkg0E1yyJnAQrJMqRuJQsHY4vB777XumNE/kHYxS5sekL3nEKQEjBfahB+wBcp0SWXh5FORx4RWBXXGqzgR4kbgzUkEzNAL7y+slNIuZBCqI1l3XScHPiQJOBSvKXqZZSuiQ9FnXUElipv18cn2BT4zSw1GiTEnAE/X3RE5irUdxaDpjAgM9743F/7xuBtGln3OZZsAknS6KMoEhweMocI8rRkGMDCFUcXMrpgOiCAUTWNmE4M6/vEhaZ1W3Vq3dnlfqV7M4SugIHaNT5KILVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wPn8A1zCWIw==</latexit>

span{fm} <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

[1] X. Tong, S.-L. Huang, "An Information Theoretic Approach for Collaborative Distributed Parameter 
Estimation," IEEE International Symposium on Information Theory (ISIT), June, 2023.
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Communicating The Type of Data

• Statistics of data = linear functions of types 
• Communicating type of data = projecting to the functional subspace.
• Distributed parameter estimation with O(log n) bits communication constraint [1].

• Geometric interpretation to the classical result.

<latexit sha1_base64="H3x0f3YZRF4BQ1r9bATCNj4fAqE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8UgxEvYlaAeg148RjQPSZZldtJJhsw+mOkVwroHf8WLB0W8+hve/BsnyR40saChqOqmu8uLBFdoWd9Gbml5ZXUtv17Y2Nza3inu7jVVGEsGDRaKULY9qkDwABrIUUA7kkB9T0DLG11N/NYDSMXD4A7HETg+HQS8zxlFLbnFgy5y0YPkNnWT9n1a7uIQkJ64xZJVsaYwF4mdkRLJUHeLX91eyGIfAmSCKtWxrQidhErkTEBa6MYKIspGdAAdTQPqg3KS6f2peayVntkPpa4Azan6eyKhvlJj39OdPsWhmvcm4n9eJ8b+hZPwIIoRAjZb1I+FiaE5CcPscQkMxVgTyiTXt5psSCVlqCMr6BDs+ZcXSfO0Yp9VqjfVUu0yiyNPDskRKRObnJMauSZ10iCMPJJn8krejCfjxXg3PmatOSOb2Sd/YHz+APoKlhQ=</latexit>

S̃XY (✓)

<latexit sha1_base64="4CLIXcpYHWNk3ckI8JJxuiZTFrY=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSKeqyKIjLCvYibQiT6bQdOpmEmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+YOYM6Ud59sqrKyurW8UN0tb2zu7e3Z5v6WiRBLaJBGPZCfAinImaFMzzWknlhSHAaftYHw1rbcfqFQsEnd6ElMvxEPBBoxgbSzfLqc9gjm6zvw53Ge+XXGqzkxoGdwcKpCr4dtfvX5EkpAKTThWqus6sfZSLDUjnGalXqJojMkYD2nXoMAhVV46Oz1Dx8bpo0EkzRMazdzfEykOlZqEgekMsR6pxdrU/K/WTfTgwkuZiBNNBZkvGiQc6QhNc0B9JinRfGIAE8nMrYiMsMREm7RKJgR38cvL0DqtumfV2m2tUr/M4yjCIRzBCbhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2R9/gCv/5Ok</latexit>FY

<latexit sha1_base64="uCz09qFcuiE8zOgmfisSptLV2Ls=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFcFUSKeqyKIjLCvYibQiT6aQdOrkwMxFKyMKNr+LGhSJufQh3vo3TJgttPTDMx/+fw8z5vZgzqSzr2yitrK6tb5Q3K1vbO7t75v5BR0aJILRNIh6Jnocl5SykbcUUp71YUBx4nHa9ydXM7z5QIVkU3qlpTJ0Aj0LmM4KVllyzmg4I5ug6c9Ocell+32eZa9asujUvtAx2ATUoquWaX4NhRJKAhopwLGXftmLlpFgoRjjNKoNE0hiTCR7RvsYQB1Q66XyJDB1rZYj8SOgTKjRXf0+kOJByGni6M8BqLBe9mfif10+Uf+GkLIwTRUOSP+QnHKkIzRJBQyYoUXyqARPB9F8RGWOBidK5VXQI9uLKy9A5rdtn9cZto9a8LOIoQxWO4ARsOIcm3EAL2kDgEZ7hFd6MJ+PFeDc+8taSUcwcwp8yPn8Ac7GX/A==</latexit>FXY

<latexit sha1_base64="NrZ8rBw/J2ew76SJ2M0ugKKEIbs=">AAACD3icbVC5TsNAEF1zhnAFKGksIlDSRDaKgDKChjIIcqDYstabcbLK+tDuGCmy8gc0/AoNBQjR0tLxN2yOAhKeNNLb92a0M89PBFdoWd/G0vLK6tp6biO/ubW9s1vY22+qOJUMGiwWsWz7VIHgETSQo4B2IoGGvoCWP7ga+60HkIrH0R0OE3BD2ot4wBlFLXmFE6fOHQEBlhzkogvZ7cjL2vcj/ewD0rIjea+PZa9QtCrWBOYisWekSGaoe4UvpxuzNIQImaBKdWwrQTejEjkTMMo7qYKEsgHtQUfTiIag3Gxyz8g81krXDGKpK0Jzov6eyGio1DD0dWdIsa/mvbH4n9dJMbhwMx4lKULEph8FqTAxNsfhmF0ugaEYakKZ5HpXk/WppAx1hHkdgj1/8iJpnlbss0r1plqsXc7iyJFDckRKxCbnpEauSZ00CCOP5Jm8kjfjyXgx3o2PaeuSMZs5IH9gfP4A8Nqcmw==</latexit>

⇧
⇣
S̃XY (✓)

⌘

<latexit sha1_base64="hNarhv3o3oPwlj7zRzK9UAYyq/A=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZFMRlBXuBNoTJdNIOnUzCzEQpMY/ixoUibn0Sd76N0zYLbf1h4OM/53DO/EHCmdKO822VVlbX1jfKm5Wt7Z3dPbu631ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6e1jsPVCoWi3s9SagX4aFgISNYG8u3q1mfYI5ucn8O3dy3a07dmQktg1tADQo1ffurP4hJGlGhCcdK9Vwn0V6GpWaE07zSTxVNMBnjIe0ZFDiiystmp+fo2DgDFMbSPKHRzP09keFIqUkUmM4I65FarE3N/2q9VIeXXsZEkmoqyHxRmHKkYzTNAQ2YpETziQFMJDO3IjLCEhNt0qqYENzFLy9D+7TuntfP7s5qjasijjIcwhGcgAsX0IBbaEILCDzCM7zCm/VkvVjv1se8tWQVMwfwR9bnD656k6M=</latexit>FX

Node 1

Decision 
Node

<latexit sha1_base64="wyTONeKCtY8X5DW/ND1eA3FcacQ="></latexit>

✓̂

Node 2

<latexit sha1_base64="iXlfYz/4wsGUBUZmBTHduKCVJEQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5iHJEmYns8mQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuh8QwwRVrIEfB2olmRIaCtcLR7dRvPTFteKwecJywQJKB4hGnBK302B0SzOqTXrtXrnhVbwZ3mfg5qUCOeq/81e3HNJVMIRXEmI7vJRhkRCOngk1K3dSwhNARGbCOpYpIZoJsdvDEPbFK341ibUuhO1N/T2REGjOWoe2UBIdm0ZuK/3mdFKPrIOMqSZEpOl8UpcLF2J1+7/a5ZhTF2BJCNbe3unRINKFoMyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/3CKQdg==</latexit>

P̂X

<latexit sha1_base64="B0Q85gqL/hGvb7KOOQ5pUhOfydM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5kWyhNnJbDJkZnaZ6RXCkq/w4kERr36ON//GSbIHjRY0FFXddHeFieAGPe/LKaysrq1vFDdLW9s7u3vl/YOmiVNNWYPGItbtkBgmuGIN5ChYO9GMyFCwVji+nfmtR6YNj9UDThIWSDJUPOKUoJU6vRHBrD7td/rlilf15nD/Ej8nFchR75c/e4OYppIppIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VBHJTJDND566J1YZuFGsbSl05+rPiYxIYyYytJ2S4MgsezPxP6+bYnQdZFwlKTJFF4uiVLgYu7Pv3QHXjKKYWEKo5vZWl46IJhRtRiUbgr/88l/SPKv6l9WL+/NK7SaPowhHcAyn4MMV1OAO6tAAChKe4AVeHe08O2/O+6K14OQzh/ALzsc33aaQdw==</latexit>

P̂Y

[1]  T. Han and S. Amari, “Statistical Inference Under Multiterminal Data Compression,” 
IEEE Transactions on Information Theory, vol. 44, no. 6, pp. 2300–2324, 1998.

<latexit sha1_base64="gRLafEyvBkm8mgYIr406vWVxXOY="></latexit>

X

<latexit sha1_base64="pZ2NdzyYjqAcEq8VUraia2Zrtzw="></latexit>

Y
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Thank you! 


